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Introdution
The Standard Model of partile physis will soon be elebrating its 40 year an-
niversary. It desribes three of the fundamental fores of nature: the strong fore,
the weak fore and the eletromagneti fore. The gravitational fore is not de-
sribed by the Standard Model. It is a remarkably suessful theory in that almost
all its preditions have been veried experimentally.
The model inorporates partiles of matter whih are all spin-1/2 partiles, i.e.
fermions. These matter-partiles interat with eah other through exhange of
fore-arrying spin-1 partiles, i.e. bosons. So far all partiles, exept for one,
have been disovered. The one still missing is the Higgs partile (or Higgs boson).
The Standard Model is a non-abelian gauge theory, based on the symmetry group
SU(3)strong × SU(2)IW × U(1)Hypercharge (1)
The labels refer to the three fundamental fores desribed by the Standard Model,
in the sense that the spin-1 gauge partiles assoiated with eah symmetry group
fator are preisely the fore-mediators. Although the symmetries in (1) are sym-
metries of the interations, the Standard Model posits that it is not a symmetry
of the ground state. This is known as spontaneous symmetry breaking. Its on-
sequenses are among others, that the weak fore-mediators W± and Z beome
massive whereas the photon remains massless. Aordingly, part of the SM sym-
metry is broken as follows
SU(2)IW × U(1)Hypercharge → U(1)electromagn. (2)
The energy sale assoiated with the breaking is v = 246GeV at whih the Higgs
eld aquires a vauum expetation value.
The Top Quark
The top quark was, in a sense, seen before it was disovered in 1995 [1, 2℄. With
its mass of around mt = 171GeV it is by far the heaviest Standard Model partile.





















Figure 1: Figure showing the predited top mass (before 1995) and the top mass
after the disovery in 1995.
properties.
The indiret disovery was possible due to the following predition of the Standard
Model: ertain preision measurements are very sensitive to the mass of the top






where MW is the mass of the W -boson, MZ the mass of the Z-boson and θW the
Weinberg-angle. To one-loop the parameter is given by approximately







where GF is the weak oupling onstant. By omparing this equation with aurate
data it was possible to onstrain the top mass quite well. In g. 1 we see how the
top mass was inferred prior to its disovery as well as after the disovery in 1995.
The proesses that are partiularly sensitive to the top mass are depited in g. 2.
The top quark was disovered at Fermilab in 1995 by both the CDF and the D0
experiment [1, 2℄ by studying top pair prodution. In these reations pairs of tops
and anti-tops are produed via the strong interation.









Figure 2: Figure showing orretions to the ρ-parameter involving the top quark.
evidene of single top prodution
1
. Compared with the tt¯-prodution the single-
top has a small ross setion at the energies available at Tevatron whih, together
with a diult bakground, makes the searh for single-top events very diult.
Thus the physis ommunity looks also for this reason with great expetations to
the Large Hadron Collider (LHC) at CERN, whih is expeted to be apable of
produing top quarks (in both tt¯ and single-top events) at muh higher rates than
before.
Single Top Prodution
The single top proess is the main subjet of this dissertation. Its experimental
disovery will be ruial in the further study of the Standard Model, and it ould
very well be a gateway to physis beyond the Standard Model. Here we are going
to present some motivations for studying the single top proess.
The Higgs boson ouples to both left- and right-handed fermions, hene also
quarks, in the Standard Model. The oupling between the Higgs boson and the top
quark is a Yukawa oupling, yt. The orresponding mass term in the lagrangian
density for the top quark an be expressed in terms of yt and the eletroweak





Sine mt ≃ 171GeV and v ≃ 246GeV, whih is the eletroweak symmetry breaking
sale, we see that the top-Yukawa oupling is of order unity. This means that
the top quark ouples strongly to the Higgs eld or to whatever else might break
the EW symmetry, if not the Higgs mehanism. This makes the top quark very
important in the searh and study of the Higgs boson.









Single-tops, i.e. without their anti-partner an be produed via the weak interation.
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tion
where Vtq is the CKM matrix element desribing the mixing between a top quark
and another d-type quark, and gw is the eletroweak oupling onstant. We see that
the predited oupling is avour hanging and purely left-handed. This means that
the top quark in a single-top proess should be purely polarized when produed. A
further advantage of the top quark is its mass, whih is so large that, in ontrast to
other quarks in the Standard Model, it deays before it has a hane to hadronize.
This means that by studying the deay produts of the top quark the suggested
polarization an be measured diretly. The feasibility of this is further boosted by
the fat that the top quark has a strong angular orrelation with its deay produts
(disussed in hapter 5). A diret measurement of the single-top proesses would
allow for veriation of this, and hene adds to the importane of the study of
single-top physis.











An interesting senario is that, at suiently high energies, the top quark would
ouple to a, hitherto unknown, avour hanging neutral urrents, i.e. with a








where W ∗ is a avour hanging eld that is heavier than the W and Z. Again,
a diret measurement on the single-top proess would allow for veriation of the
existene of suh a hannel.
Assuming that there are only three generation of quarks and that the CKM matrix
is unitary we already know that the CKM matrix is given by
VCKM =

 0.9739− 0.9751 0.221− 0.227 0.0029− 0.00450.221− 0.227 0.9730− 0.9744 0.039− 0.044




and thus the Vtb is the best known of the matrix elements. If, however, there would
be a fourth generation of quarks we are fored to slak on the onstraint on Vtb [4℄
in that we only know that
Vtb = 0.11− 0.9992
This means, that if a value of Vtb onsiderably below 1 would be measured then we
enter the realm of new physis. A way of measuring Vtb diretly is the following.
First one extrats the branhing ratio of a top deaying into a b-quark and a
4 Introdution
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W -boson by omparing the experimentally measured tt¯-ross setion with the
theoretially alulated ross setion, i.e.
σexperimentaltt¯ = σ
theoretical
tt¯ Br[t→ bW ]2 (10)
Having extrated Br[t → bW ], Vtb an be measured by a similar omparison be-




t |Vtb|2Br[t→ bW ] (11)
We see that the measurement of Vtb is rather sensitive the amount of statistis
available, the preise measurement of Br[t → bW ] and the auray of the theo-
retial ross setions.







[1℄ F. Abe et al. Observation of top quark prodution in anti-p p ollisions. Phys.
Rev. Lett., 74:26262631, 1995.
[2℄ S. Abahi et al. Observation of the top quark. Phys. Rev. Lett., 74:26322637,
1995.
[3℄ D. A. Ross and M. J. G. Veltman. Neutral urrents in neutrino experiments.
Nul. Phys., B95:135, 1975.







In present-day partile physis we are interested in methods that allow for optimal
alulation of ross setions. This is a highly non-trivial task. At hadron olliders
we fae the problem that on the one hand we measure hadroni ross setions but
on the other hand we are only able to alulate the partoni (quarks and gluons)
ross setion using Feynman rules. The translation from hadron level to parton
level thus demands a desription that arries preditive power. The required under-
standing of this translation is ontained in so-alled parton distribution funtions
(PDF's). How the partons are distributed within a hadron is governed by low
energy dynamis whereas the partoni ollision is a high-energy proess. Hene we
have to separate long-distane from short-distane eets. Beause of asymptoti
freedom (see below) the latter are in priniple alulable in perturbation theory
whereas the former are not. Fatoring out the PDF's the short-distane part of the
ross setion, also alled the hard part, remains. Preditive power now rests upon
the PDF's being universal, allowing their inferene from other proesses, as well as
the hard part being alulable. The quality of the predition then is determined
to a large extent by how well the hard part an be alulated in perturbation the-
ory. The key is that this fatorization holds to all orders in perturbation theory
[1, 2℄. Below we shall not review the proof of this fatorization, but rather make
it plausible.
Let us begin by desribing the simple parton model. In the entre-of-mass
(CM) frame the olliding hadrons are Lorentz ontrated. At the same time the
dynamis of the residing partons is subjet to time dilation. The partons of one
hadron have very little time to interat with those of the other, whose dynamis
are, in addition, slowed down by time dilation. Thus partons in one of the hadrons
view the partons in the other as non-interating. The struk partons will have a
ertain momentum fration, x, of the hadron in whih they reside, with 0 < x < 1.
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One denes a parton distribution fa/H(x) as the probability that a parton of type a
in hadron H is enountered with momentum fration x. Summing over all parton







dx1dx2fi(x1)fj(x2) σPartoni(x1, x2) (1.1)
The QCD fatorization theorem now states that, when one inludes perturbative
















The struture of eqn. (1.1) is essentially unhanged, up to the indiated power
orretions O(Λ2/Q2), and preditive power is present. The PDF's are in fat
shown to be universal and the partoni ross setion written here is in priniple
alulable to all orders in perturbation theory. In pratie this is an impossible
task. In QCD the task beomes even more diult due to the peuliar nature of
the strong oupling, αs whih is not xed but sale dependent. The sale depen-
dene is suh that αs inreases when the sale beomes small, and dereases as
the sale grows. The latter is alled asymptoti freedom [3, 4℄. Sine the oupling
onstant, used as an expansion parameter, is large for small energy sales it be-
omes very questionable to approah the problem perturbatively. Thus, in many
ases involving low energy QCD, not involving ollider observables, it is possible
to apply lattie gauge methods. For higher energy sales, whih are relevant for
the physis desribed here, the oupling onstant is suiently low that one has
good reason to use perturbation theory. Perturbation theory however quikly re-
veals its limitations as one goes up in order with respet to αs. For eah order the
number of diagrams that needs to be alulated grows exponentially, and often the
integrals that need to be solved when onsidering the virtual omponents beome
very umbrous. However, experiene shows that many leading order alulations
already are lose to the experimental measurements. To verify that the pertur-
bative approah is plausible it is, however, in most ases neessary to go at least
one order up in perturbation theory. Even though onsiderable improvement in
making preditions is ahieved by going beyond one or two orders beyond leading
order there are situations that remain poorly desribed by this proedure. One
example of this is prompt photon prodution, whih we disuss later.
It an happen that ertain parts of the full higher order alulation for some
observable beome (very) large in some kinematial regime. One example is the
emission of soft photon/gluon radiation near a kinemati threshold so that this
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1.1. Sudakov Enhanement And Suppression
radiation must be soft. Typially at some xed order in the higher order alu-
lation there will be a series of logarithms of ratios of energy sales, that will be
onsiderably larger than the other terms in the expansion at that order. For ex-
ample, when the kinematial limit is a threshold the logarithms of ratios of the
small radiation energy and the large threshold energy beome large.
Resummation deals with the summation of large logarithms
1
to all orders.
When these logarithms beome large perturbation theory loses its preditive power.
It has been shown that within ertain kinematial limits it is possible to sum
leading and sub-leading logarithmi ontributions to all orders. Some of these
senarios are onsidered in this and the subsequent hapter. Thus, to sketh,
resummation arranges the large logarithms as follows:
dσ =1 + αs(L
2 + L+ 1) + α2s(L












+ · · ·
(1.3)
where L is the potentially large logarithm, and 1 represents other, non-logarithmi
terms. The gi are suitable funtions, examples of whih are disussed later in this
hapter. The reader may now view resummation as a possibly inomplete ap-
proah to perturbation theory. But this is not the ase. It should be viewed as
omplimentary to xed-order perturbation theory. Note that the auray of the
resummation may be parametrially improved from Leading Logarithmi (LL) to
Next-to-Leading Logarithmi (NLL) et, as indiated in eqn. (1.3).
1.1 Sudakov Enhanement And Suppression
One of the most lear-ut arguments in favour of using resummation beomes
apparent when Sudakov enhanement and suppression is onsidered. First we
motivate the disussion with a physial argument. Near threshold it beomes less
probable that soft gluons will be emitted sine the phase spae is limited. This is
known as Sudakov suppression. Thus the near-threshold hadroni ross setion for
prompt photon prodution should fall o. This is a well-known observed eet,
and an be reprodued in theoretial preditions by resummation. The partoni
ross setion may however be enhaned in threshold resummation, and predit
signifantly larger ross setions than a low order alulation. Here we disuss why
1
The term resummation is not limited to (re)-summation of logarithms only.
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ement And Suppression
this may be so. When performing a next-to-leading order (NLO) alulation it is













whih only have meaning when integrated with a smooth test funtion. The nite,







where the ǫ-dependene here symbolizes the divergent parts. The LHS is not ǫ-
dependent by whih we imply that it is nite. Now the leading logarithm in the










































The resummed predition will ontain these expressions in the exponent. The up-
per limit in the λ-integral is in the rst formula ditated by phase spae, in the
latter by fatorization sale. In both ases we see that the seond term an be in-
terpreted as a virtual gluon emission sine the δ-funtion ensures that x = 1. What
is apparent from the expressions is that the presene of virtual gluons lowers the
probability of having no extra emissions. Thus, virtual gluons ause, in general,
Sudakov suppression. We see that in the subtration (1.5) the (negative) virtual
gluon ontribution from the unsubtrated hard part PDF's is oversubtrated, lead-
ing to Sudakov enhanement for σˆ. In other terms the gluons are responsible for
an over-subtration (Sudakov suppression) whih the partoni ross setion has to











Note that in this expression the PDF's may be evaluated at dierent sales.
Their sale dependene is in fat alulable, as we now briey disuss.
12 Chapter 1. Perturbation Theory And Resummation
1.2. Parton Evolution
1.2 Parton Evolution
The sale-dependene of Mellin transforms of quark and gluon distributions is








The funtions γp1p2 are anomalous dimensions of ertain omposite parton opera-




dx xN−1Pp1p2(x, αs) (1.10)
This transformation from x to N spae (N may be omplex) is known as a Mellin
transform, about whih more later. The Pp1p2 are to be interpreted as the probabil-
ity densities of nding a parton p1 in a parton of type p2 with momentum fration
x of the longitudinal parent-parton momentum. At leading order the anomalous
















N(N + 1)(N + 2)
) (1.11)
There are 2f + 1 partons to keep trak of (f quark avours, f anti-quark avours
and 1 gluon). By ombining these into non-singlet and singlet ombinations the
2f +1 by 2f +1 set of oupled equations are redued to solving 2f − 1 unoupled



















from a set of initial distributions at some referene sale µ0. Here Σ ≡
∑
i(qi+q¯i) is
the so-alled singlet ontribution. Solving eqs. (1.9) and (1.12) allows for evaluation
of the PDF's at an arbitrary sale. Numerial solutions most often use momentum
spae, but this may also be protably done in omplex N spae [6℄.
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1.3 Exponentiation
In general resummation deals with nding funtions g1, g2, . . . so that if we have
large logarithmi orretions L we an take these into aount by writing
σ = C(αs) exp(Lg1(αsL) + g2(αsL) + αsg3(αsL) + . . .) + . . . (1.13)
We shall see expliit realizations of this expression later in this setion. To rst
larify the pattern of radiative orretions due to infrared emissions that lead to
exponentiation we examine emissions of photons whih, unlike gluons, are not
ompliated by olour strutures. In Quantum Eletrodynamis (QED) infrared
singularities arise from soft photons, where soft means having energy low with
respet to some suitable ut-o.
Why do soft radiation eets exponentiate? We onsider a hard QED pro-
ess [7℄ with an inoming eletron of momentum p and an outgoing eletron with
momentum p′. Starting with the outgoing leg, onsider n photons that are ra-
diated o with orresponding momenta k1, . . . , kn, and whih are assumed to be
soft. This leads to the following expression:
u¯(p′)(−ieγµ1) i( 6p
′+ 6k1 +m)
2p′ · k1 (−ieγ
µ2) · · ·
(−ieγµn) i( 6p
′+ 6k1 + · · · 6kn +m)
2p′ · (k1 + · · · kn) + iǫ (iMhard)
(1.14)
Sine we assumed the emissions to be soft we neglet the k's in the numerators and
keep only the lowest power of k in the denominators (this is known as the eikonal
















There are n! diagrams to sum and hene n! permutations to take into aount, and
it an be shown
2
















By similar means one an inlude the eet of the initial state radiation. Sine the
propagators for the inoming eletron line are p− k1, . . . , p−
∑
i ki one an show
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1.3. Exponentiation
Calulating the ross setion we need to multiply with the omplex onjugate
amplitude, with the photon polarization vetors, sum over polarizations, integrate
over the photon phase spae, and inlude a symmetry fator 1/n!. For eah photon



























(p · k) (p′ · k) (1.19)














(p′ → p) exp(R) (1.20)
Parametrizing kµ = E(1, 0, sin θ, cos θ), where θ is the angle between ~p and ~k,













In a similar way it is possible to show that the virtual ontributions also exponen-
tiate. The real and virtual ontribution an then be ombined in the exponent.
1.3.1 QCD and Colour Fators
We have in the above only onsidered the abelian ase of QED. The generators of
the strong interation gauge group, whih are present in eah vertex of the graph,
onstitute, however, a non-abelian algebra. Therefore, at rst glane, it seems far
from obvious that one an obtain similar results by replaing the photons with
gluons. Nevertheless, this is possible [8, 9, 10℄.
Non-abelian eikonal exponentiation deals with inluding olour struture in the
exponentiation of the (potentially) divergent ontributions stemming from soft
gluon radiation. One an show that the sum of virtual and real eikonal gluon
diagrams an be written as the exponent of a spei subset of them with modied
olour struture (so-alled webs). To illustrate this, onsider the virtual diagrams
in g. 1.1. We denote the olour of graph b by C( ) et. The olour strutures
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Figure 1.1: Virtual eikonal diagrams of zeroth, rst and seond order.
obey relations
C( ) =C( )2





where C( ) = CF and C( ) = −CACF/2. At the same time the eikonal approah
for the momentum part of the amplitudes leads to the pattern we saw in the
previous setion. Combining the various parts of the eikonal fators with their
relevant olour weights leads to exponentiation
exp
(
C( )F ( ) + C( )F ( )
)
(1.24)
For real emissions a similar exponentiation holds. Via a Laplae transform
3
we
an x the energy of the emitted radiation. Expressing the ontribution from the








where the real and virtual ontributions are proportional to exp(−N(k0/Q)) and
−1 respetively. Suh an exponentiation is at the heart of QCD resummed ross
setions.
1.4 Convolution And Mellin Transforms
When alulating hadroni ross setions it is neessary to get aquainted with the
onepts of onvolution and Mellin transforms. For deniteness, let us temporarily
3
Equivalent here to a Mellin transform up to O(1/N) terms.
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1.4. Convolution And Mellin Transforms
onsider the inlusive prodution of a vetor boson of mass Q in hadroni ollisions,
via the partoni proess
qi(p1) + qj(p2)→ V (Q) +X (1.26)
where X is any extra radiation at the parton level. The fatorization theorem ex-
presses the hadroni ross setions as a onvolution beween the parton distribution
























Here P1 and P2 are the momenta of the inoming hadrons, and are related to p1
and p2 by the relations pi = xiPi, for i ∈ {1, 2}. The proess dependent sale of the
hard interation is given by Q and the sales µR and µF are the renormalization
and fatorization sale, respetively. Furthermore, the funtions f1,2 are the parton
distribution funtions. Finally, σ
Partoni
is the ross setion for the sattering of
the partons 1 and 2. As mentioned in the beginning of this hapter this funtion
is also alled the short distane ross setion, sine it desribes typially hard
(high momentum) ross setions. Here it is appropriate to say a few words about
the fatorization sale, µF . The fatorization sale separates long-distane physis
from short-distane physis. This an be qualitatively understood in the following
way. An emitted parton arrying large transverse momentum should belong to
the short-distane ross setion, whilst a low transverse momentum parton should
be seen as part of the internal struture of the hadron. The sale µ is most often
hosen to be equal to, or lose to the harateristi hard sale, Q, in order to avoid
unneessary large logs ln(µF/Q).
A useful tool in dealing with fatorization is the already mentioned Mellin
transform, whose denition is




i.e. it amounts to take the N 'th moment of f . The inverse of the transform is
given by






where c lies in the omplex N -plane to the right of all singularities. The form
of the fatorization theorem ensures that when applying the Mellin transform
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with respet to τ to the hadroni ross setion in eqn. (1.34) it hanges from a














where for onveniene we have put µF = µR = µ and omitted the power orre-
tions. The leading large logarithms that our when onsidering n emissions near












subleading in powers of lnN . Threshold is approahed by inreasing N .
1.5 Threshold Resummation
Threshold resummation involves summing the radiative eets of bremsstrahlung
due to a prodution threshold. For deniteness and with an eye to later appliation
we disuss threshold resummation here for the ase of prompt photon prodution,
whih is dened at lowest order by the partoni reation
a(pb) + b(pb)→ γ(pγ) + c(pc) (1.32)
where a, b an be qq¯, qg or q¯g. We shall disuss the phenomenologial importane
of this proess in setion 1.8 below. Here, it sues to say that we wish to detet
a photon at a xed transverse momentum pT , so that the energy threshold for this
proess is 2pT . Aordingly, let x
2
T ≡ 4p2T/S (x2T < 1) be the hadroni saling
variable, and xˆ2T ≡ 4p2T/sˆ the analogous partoni saling variable (x2T < xˆ2T < 1).
S is the hadroni entre-of-mass energy, pT of the produed partile and sˆ = xaxbS
is the partoni entre-of-mass energy squared. Near threshold the phase spae for
bremsstrahlung is rather onstrained. This limitation manifests itself by introdu-
ing large logarithmi orretions (due to soft and ollinear radiation) to the ross
setion.
Having introdued the relevant variables we are now ready to state the resummed
expression for the ross setion. The threshold-resummed pT distribution for
prompt photon prodution stemming from hadron ollisions is, to leading power
18 Chapter 1. Perturbation Theory And Resummation
1.5. Threshold Resummation














fa/A(N, µF )fb/B(N, µF )
×Cab→γ(αs)× exp(Eab→γc(N))︸ ︷︷ ︸
Partoni ross setion, σˆ
(1.33)
The variable N is Mellin-onjugate to x2T . The exponent is further resolved as
exp(Eab→γc(N)) = exp(Ea + Eb + Fc +Gabc) (1.34)
where Ea, Eb are exponents ontaining the N-dependent soft and ollinear loga-
rithms from the initial state partons, Fc ontains nal state logarithms and Gabc
ontrols soft wide-angle radiation. The funtion Ei takes, to NLL auray, the
form



















{− ln N¯Ai(αs(kT ))− Bi(αs(kT ))}
(1.35)






























where we have listed the terms of the usp anomalous dimension Aa up to 2nd
order [14℄ neessary for NLL alulations. Furthermore we have that Cq = CF and







g = −πb0 (1.37)
where b0 = (11CA − 2nf)/12π. Performing the integration in eqn. (1.35) gives:





i (λ) + h
(1)
i (λ,Q, µ, µF ) (1.38)
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where λ = b0αs ln N¯ , N¯ = Ne
γE













































1− 2λ + ln(1− 2λ)
]






i (λ) + f
(1)
i (λ, q, µ) (1.39)




(0)(λ/2, λ/2)− h(0)(λ, λ)
f
(1)
i (λ,Q, µ) =h









The funtions Cab→γ in eqn. (1.33) are independent of N and onstitute the math-















The ross setion in eqn. (1.33) an be evaluated numerially as written by imple-
menting the analytially derived Mellin transforms, followed by an integration in
the (omplex) N -spae [15℄.
1.6 Examples
The eet of adding orders of logarithms in the large N limit is best illustrated
with an example involving the Drell-Yan proess, whih is dened at lowest order
by the partoni proess
q(p1) + q¯(p2)→ γ∗(Q2) (1.42)
4
They are urrently only known to 1st order.














 = 0.2,  Nf = 4
x
(exp GDY ⊗ f ⊗ f ) / (f ⊗ f)








0.1 0.2 0.3 0.4 0.5 0.6
Figure 1.2: The left pane shows the LL, NLL and NNLL exponents for the Drell-
Yan proess. The right pane shows the exponentiated exponents onvoluted with
parton distributions [16℄.
Its threshold-resummed expression an shematially be written as [16℄
σ(N,Q2) = fq(N)fq¯(N)× C(Q2) exp(GNDY (Q2)) (1.43)
where GNDY = Lg1(λ) + g2(λ) + αsg3(λ) + . . ., the suessive terms inreasing
logarithmi auray. In g. 1.2 we see the exponent as funtion of N when LL,
NLL and NNLL ontributions are inluded, respetively. The step from LL to
NLL is onsiderable, while the progression from NLL to NNLL is more moderate.
When ombining the result with (toy) PDF's in the rightmost gure in g. 1.2
ones sees that also the inreases in the ross setion beome suessively smaller
as more subleading logarithms are taken into aount. These studies illustrate the
viability of threshold resummation in providing reliable estimates of ross setions.
1.7 Joint Resummation
Besides large logarithms from emission near an energy threshold, as disussed in
setion 1.5, other large logarithms our when onsidering hadroprodution of, say,
a vetor boson with small transverse momentum QT . The leading logarithms in
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whih again arise from soft and ollinear radiation. In the ontext of the fator-
ization theorem non-zero QT is a onsequene of reoil against parton emission,
the resummation of logarithms in eqn. (1.44) is known as reoil resummation. In
analogy to the Mellin transform in threshold resummation here a Fourier trans-
form with respet to QT to impat parameter b is used. The reason for this is the











whih just states that QT is the aggregate result of reoil against an arbitrary
number of parton emissions. The fators Fi are related to various parts of the




































Thus all the funtions F˜i depend on the same parameter b, making transverse
momentum onservation easy to implement.
Joint resummation [17, 18℄ is the simultaneous resummation of both threshold
(lnN) and reoil logarithms (ln b). It is possible beause both types of logarithmi
eets arises from the same soft and ollinear regions of phase spae. As a result,
the overall form of the joint-resummed partoni ross setion is similar to that in
threshold resummation.
Let us onsider here again the prodution of a prompt photon with transverse
momentum pT . The joint resummation formalism here eetively inorporates the
notion that, when radiating o soft gluons, the proess as a whole an reoil with
momentum QT , leaving only p
′
T = pT − QT/2 to be produed in the atual hard
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As stated, the exponent of the jointly resummed ross setion is now, in addition
to N , also dependent on b. This dependene omes through a modiation of the
integration limits of the integrals in eqn. (1.35). This modiation involves the
lower limit of integration in the rst term eqn. (1.35) with a funtion of the two
onjugate variables [19, 20℄










































d2b eib·QT exp [Eab→γc (N, b)] . (1.50)
and now bears an additional b-dependene. The exponent an again be split as in
eqn. (1.34). This expression will be disussed in more detail in the next hapter.
Let us remark here that the initial state exponent for parton a reads



















{− ln N¯Aa(αs(kT ))− Ba(αs(kT ))}.
(1.51)
Further elaborations upon this result an be found in the next hapter.
1.8 Prompt Photon Prodution: Motivation And
Desription
As already mentioned earlier, a prompt photon is a photon produed diretly by
parton-parton ollisions, as opposed to bremsstrahlung from nal state harge par-
tiles e.g. This is a quite interesting lass of proesses to study. The photon thus
produed an be seen as a messenger from the heart of the sub-nulear interations
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when two nuleons ollide. In this way studying prompt photons an tell us some-
thing about the parton distributions in protons and neutrons. Also in this proess
it is interesting to examine the eets of soft gluons. From a theoretial viewpoint,
prompt photon prodution provides the simplest theoretial laboratory for 2→ 2
proesses, just as Drell-Yan and deep-inelasti sattering are for 2→ 1 proesses.
Prompt photon proesses also seem to be fairly lean tests of QCD sine the nal
state is less prone to hadronization. Parton-level proesses in whih a prompt pho-
ton is produed are quark gluon Compton proess, quark anti-quark annihilation
and fragmentation proesses, shown in g. 1.3. The Compton proess dominates
Figure 1.3: Two hannels for lowest order prompt photon prodution: quark anti-
quark annihilation, and the Compton proess.
in pp-ollision (for large xT ), beause in this region the anti-quark distributions are
rather small. Annihilation, on the other hand, an be signiant in pp¯-ollisions
due to the symmetry of partiles and anti-partiles in the proton and anti-proton,
respetively. One of the perhaps most interesting benets of prompt photon stud-
ies is the determination of the gluon ontent of protons. In partiular the study
of the qg-hannel of prompt photon prodution ombined with the knowledge of
the quark distribution funtions, allows in priniple for measurements of the gluon
ontent. In ontrast to deep-inelasti sattering e.g., in prompt photon prodution
the gluon distribution enters in lowest order
5
. Prompt photon data are sensitive
to gluon distributions, and ould partiularly at larger x values help draw a more
omplete piture of gluon distributions. There are however diulties [21℄ on-
neted with the study of prompt photons. This is mainly due to the fat that it
is very umbrous to separate the photons oming from the hard interation itself
from photons whih have their origin in deays of π0, η et. An often used ex-
perimental riterion is the appliation of an isolation one, whih demands only
limited hadroni ativity near a photon in the event. This riterion onsiderably
limits the ontribution oming from photons having origin in the fragmentation
5
In deep-inelasti sattering the gluon distribution is only sensitive to the region of rather
small x-values, where it is omparable to the quark distributions. The gluon distribution enters
only in the next-to-leading order and ontributes to the slope of the Q2-dependene at leading
order.
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omponent ompared to the diret (prompt) photons. This isolation one however
also introdues diulties on the theoretial side [22, 23, 24℄.
As it turns out, NLO QCD is unable [25, 21℄ to fully aount for xed target
and ollider prompt photon data. For the former it seems that for small-xT values
soft gluons may play an important role [18℄. In the next hapter we will examine
some aspets of soft-ollinear eets in prompt photon prodution.
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Soft-ollinear eets in prompt
photon prodution
The perturbative QCD desription of many observables measured at olliders is
plagued by large orretions arising from soft and ollinear parton emission, even
for fairly generi kinematial onditions. For example, near threshold, large log-
arithmi orretions remain [1, 2℄ after anellation of singular virtual and real
gluon ontributions, their large size being a result of the nearby threshold restrit-
ing the real gluons to be soft. In terms of a (Mellin) variable N , in terms of whih







where the aij depend in general on the proess. Another example [3, 4, 5, 6, 7, 8℄ is
when an identied part FP of a nal state has aquired small transverse momentum
by soft reoil (QT ) against the remaining, unmeasured part of the nal state. Then
the perturbative expression for the dierential ross setion with respet to pT of
FP takes again the form of eqn. (2.1), but with dierent oeients aij and with
L = ln b, b being the impat parameter Fourier onjugate to QT .
Suh large logarithmi orretions an be brought under ontrol by all-order
resummation, and there exists a large literature demonstrating the viability, where
appliable, of threshold, reoil as well as their joint resummation, for a wide variety
of observables. It is interesting to try to extend all-order ontrol to lasses of large
terms beyond the logarithmi orretions. One suh new set onsists of numerially
large onstants (π2 terms) originating from the same infrared-sensitive regions
of those Feynman diagrams that also produe the logarithms [9, 10, 11℄.
Another important lass of potentially large terms, of soft-ollinear origin, an
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Their phenomenologial importane was rst demonstrated in Ref. [12℄ in whih
the leading terms j = 2i− 1 were also summed to all orders for Higgs prodution
and Drell-Yan. The assessment of these terms was made more meaningful in the
ontext of a omplete next-to-next-leading order (NNLO) [13, 14, 15, 16, 17, 18, 19℄
alulation, and a onsistent next-to-next-leading logarithmi (NNLL) threshold-
resummed result [20℄. It is not yet lear how to sum next-to-leading terms in
(2.2).
In this hapter we examine the impat of the leading terms in (2.2) for a single
partile inlusive observable, the pT spetrum of prompt photons produed in
hadroni ollisions. We do this in the ontext of both a threshold [21, 22, 23, 24, 25℄
and joint [26, 27, 28, 29℄ resummed alulation for this spetrum.
The hapter is organized as follows. In setion 2 we review briey the threshold
and joint resummed prompt photon pT distribution. In setion 3 we desribe and
motivate our extension to inlude the leading αks
ln2k−1 N
N
terms. In setion 4 we
assess the numerial impat of these orretions, and we onlude in setion 5.
2.1 Threshold and joint resummation for prompt
photon prodution
We onsider the inlusive pT distribution of prompt photons produed in hadron-
hadron ollisions at entre of mass (m) energy
√
S
hA(pA) + hB(pB)→ γ(pc) +X , (2.3)
where hA,B refer to the two inoming hadrons and X to the unobserved part of




q(pa) + q¯(pb)→ γ(pc) + g(pd) ,
g(pa) + q(pb)→ γ(pc) + q(pd) . (2.4)
The distane to threshold is ustomarily measured by the variable 1− x2T , where
x2T = 4p
2
T/S. At the parton level this distane is given by 1 − xˆ2T = 1 − 4p2T/s.
Below we review the result for the joint resummed prompt photon pT distribution.
At the end of this setion we reall how the threshold resummed result may be
derived from it.
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2.1. Threshold and joint resummation for prompt photon prodution
The joint resummation formalism for prompt photon prodution [26, 27℄ im-
plements the notion that, in the presene of soft QCD radiation with summed
transverse momentum QT of soft reoiling partons, the atual transverse momen-
tum produed by the hard ollision is not pT but rather p
′
T = pT − QT/2.
Stated more preisely: in the ontext of a refatorization analysis [27℄ one an
identify a short-distane proess at m energy Q that produes a prompt photon







The extreme situation QT = 2pT in whih all transverse momentum is produed
through soft reoil leads to a singularity in the short-distane proess, whih we
avoid by imposing an upper limit µ¯ on QT [26℄. A reently proposed extension [28℄
of joint resummation avoids this singularity.

















































Let us explain eah of the terms on the right hand side of eqn. (2.5). The top
line displays the moments of standard parton distribution funtions, as well as the
sum over initial state parton avours. The next line ontains the Mellin transform
over the partoni saling variable x˜2T in the reoiling frame, the Born amplitudes,
and the N- and b-independent hard virtual orretions summarized in C(ij→γk).
The seond to last line ontains the integral over the reoil momentum of the soft
partons, as well as a kinemati fator linking reoil and threshold eets. The last
line ontains the Sudakov exponentials from initial and nal state partons, as well
as soft wide-angle radiation in ombined Mellin-impat parameter spae.
As indiated in the last line of eqn. (2.5), large threshold and reoil loga-
rithms, expressed through lnN and ln b, an be resummed into an exponential
form. The perturbative exponential moment dependene at next-to-leading loga-
rithmi (NLL) auray is given by
EPTij→γk(N, b,Q, µ, µF ) =
EPTi (N, b,Q, µ, µF ) + E
PT
j (N, b,Q, µ, µF ) + Fk(N,Q, µ) +Gijk(N, µ) . (2.6)
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Let us disuss eah of these terms in turn. The initial state perturbative exponent
reads, in integral form



















where µ, µF are the renormalization and fatorization sale, respetively. The
funtion χ(N, b) denes the N- and b-dependent sale of soft gluons to be inluded
in the resummation, and is hosen as [30℄





where η is a suitably hosen onstant and
N¯ = NeγE , b¯ = bQeγE/2 , (2.9)
with γE the Euler onstant. An older form used in [26℄
χ(N, b) = b¯+ N¯ (2.10)
generates spurious subleading logarithms in QT [30℄. We postpone elaborating on
the integral in eqn. (2.7) to the next setion. The nal state jet exponent reads to
NLL auray




k (λ) + f
(1)
k (λ,Q, µ) , (2.11)
where
λ = b0αs(µ
2) ln N¯ . (2.12)
The exponent assoiated with wide angle soft radiation is





ijk(λ) as well as the funtions C
(ij→γk)
[22, 23℄ are listed
in Appendix A.
A nonperturbative termmust be added to the perturbative exponent in eqn. (2.6)
in order to regularize the limit in whih QT is very small. As in Refs. [26, 27℄ we
take
ENPij = −12gNPb2 ij = qq¯, qg . (2.14)
The threshold-resummed result an now be derived by simply negleting QT in
the fator (S/[4|pT −QT/2|2])N+1 in eqn. (2.5). Then the QT integral sets b to
zero everywhere, yielding the threshold-resummed result.
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2.2 Inluding leading lnN/N terms
The leading terms in eqn. (2.2) originate from both initial and nal state radiation,
and to resum them we will use two dierent methods upon whih we elaborate in
this setion. There are moreover two lasses of funtions in momentum spae at
order αjs that generate the leading ln
2j−1N/N terms upon Mellin transformation.
In terms of the variable z, 0 < z < 1 whih in the present ase an represent
either xˆ2T or x˜
2
T , one of the two lasses is formed by the singular plus distributions
[ln2j−1(1−z)/(1−z)]+, the other by the singular but integrable ln2j−1(1−z). The
lnN/N ontributions from the former an be omputed using the methods of [31℄
and an be found e.g. in Ref. [12℄. The lnN/N ontributions from the latter an
be generated at any order in perturbation theory by a simple replaement in the
resummed expression (see below in Eqs. (2.25)), expanding the resulting expression
to the desired order, and keeping the leading term in eqn. (2.2). Roughly speaking,
the replaement is equivalent to exhanging at order j one soft-ollinear gluon
(orresponding to one fator αs ln
2N) for a hard-ollinear one (orresponding to






This replaement is in fat easily inluded in the existing threshold resummation
formulae. A preliminary study for prompt photon prodution was arried out in
Ref. [32℄. We employ this replaement method in fat for the nal state related
αks ln
2k−1N/N terms. It was pointed out in Refs. [30, 33℄ that the initial state
related αks ln
2k−1N/N terms ould be generated in the ontext of joint resummation
by extending evolution of parton densities to a soft sale. We will use this method
as well, for the rst time for a one-partile inlusive observable. We now disuss
the initial and nal state lnN/N ontributions in turn.
2.2.1 Initial state
Our proedure for the initial state follows Refs. [30, 33℄, where the joint resumma-
tion for eletroweak or Higgs boson prodution at mass Q and transverse momen-
tum QT was given. We reall the key points here. The integral form of the initial
state NLL exponent (2.7) an be written as



















{ − ln N¯Ai (αs(kT ))− Bi (αs(kT ))} . (2.16)
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The rst term in this expression leads to





i (β) + h
(1)
i (β,Q, µ) , (2.17)
where
β = b0 αs(µ) ln (χ) . (2.18)
We reall that the χ depends on N and b through eqn. (2.8). The funtions h
(0,1)
i
are listed in Appendix A .
The seond term represents avour-onserving evolution to NLL auray (the
integrand onsists of the lnN and onstant terms for the anomalous dimension
matrix γi/j(N) for j = i) from the hard sale µF to the soft sale Q/χ. One now




)− Bi(αs) −→ γi/i(N)(αs) , (2.19)
that inludes the leading, avour-diagonal lnN/N eets generated by the kT
integral (the 1/N part of γi/i ombines with the lnN terms). In fat, one may go
further and inlude the o-diagonal ontributions via the replaement
δig exp
[




fg/H(N, µF ) −→ Eik (N,Q/χ, µF ) fk/H(N, µF ) .
(2.20)
where s(β) = ln(1 − 2β) plus NLL orretions. As a result, we an replae in
eqn. (2.5) the ombination
fi/A(µF , N)fj/B(µF , N) exp
[
EPTi (N, b,Q, µ, µF ) + E
PT




Ci/A(Q, b,N) Cj/B(Q, b,N) exp
[
EPTi (N, b, µ,Q) + E
PT







Eik (N,Q/χ, µF ) fk/H(N, µF ) . (2.23)
The matrix E implements evolution from sale µF to sale Q/χ, and is normalized
to be the unit matrix if these two sales are equal. Note that the dependene on
µF anels among the fators in eqn. (2.23).
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2.2.2 Final state
Leading lnN/N eets arising from nal state radiation an be derived from the jet
funtions [1, 34℄ that enter threshold or joint resummed expressions for observables
having nal state partons at lowest order. The integral form of the nal state





























where pq = 1, pg = 2. The extra terms an be ast in a more onvenient form.
Using
zN−1 =
zN−1 − 1− (zN − 1)
1− z (2.26)
and the replaement (aurate to NLL)
zN−1 − 1→ −θ
(










k (λ) + f
(1)
k (λ,Q, µ) + f
′
k(λ, αs) +O(αs(αs lnN)
n) , (2.28)























[ln(1− 2λ)− ln(1− λ)] . (2.30)
There is no leading lnN/N ontribution arising from wide angle soft radiation.
As a result, we nally arrive at the following equation for the joint resummed
prompt photon hadroprodution pT spetrum in whih leading soft-ollinear eets





































×Ci/A(Q, b,N) Cj/B(Q, b,N) exp
[
EPTi (N, b, µ,Q) + E
PT








k (λ) + f
(1)
k (λ,Q, µ) + f
′





As before, the orresponding threshold result may be obtained by negleting
−QT /2 in the last fator on the seond line.
2.3 Results
Here we study numerially the inlusion of the lnN/N terms for the ase of prompt
photon prodution for two kinemati onditions: those of pp¯ ollisions at the Teva-
tron at
√
S = 1.96 TeV [35, 36℄, and those of the pN ollisions in the E706 [37℄
xed target experiment with Ebeam = 530 GeV. Our main aim is to assess the ef-
fet of suh terms in relevant kinemati onditions, rather than provide optimized
and realisti theoretial alulations for omparison with data (see Ref. [38℄ for
reent study). For instane, we do not inlude ontributions from fragmentation
proesses, whih have reently been addressed in Ref. [39℄ and shown to be signi-
ant. Our assessments mainly onsist of omparing the same alulation with and
without lnN/N terms.
Our default hoies for various input parameters are as follows. We use the
GRV parton density set [40℄, orresponding to αs(MZ) = 0.114, with the evolution
ode of Ref. [41℄, hanging avour number at µ = mc (1.4GeV) and mb (4.5GeV).
We hoose the fatorization and renormalization sale equal to pT , and the non-
perturbative parameter gNP in eqn. (2.14) equal to 1GeV
2
. For the parameter
χ we use the expression in eqn. (2.8), following [30℄, with η = 1/4 1. For our
joint-resummed results, we hose for Tevatron (E706) kinematis the ut-o µ¯ in
eqn. (2.5) equal to 15 (5) GeV. Regarding logarithmi auray, and unless other-
wise stated we refer to LL when using only h
(0)
a in eqn. (2.17), f
(0)
k in eqn. (2.28),





k and the virtual orretions in (A.10). For the evolution from sale
µF to Q/χ in eqn. (2.20) we use the full NLO anomalous dimension in all ases.
1
Choosing η = 1 does not substantially modify results, but hoosing the form in eqn. (2.10),
whih generates spurious subleading reoil logs [30℄, does lead to signiant hanges at larger pT .
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Starting with Tevatron kinematis we ompare in Figs. 2.1-2.3 results at LL
and NLL auray, with and without the leading lnN/N ontribution for joint
resummation. For larity we have here inluded the onstant orretions in (A.10)
NLL + lnN/N ( c )
NLL ( b )






























Figure 2.1: lnN/N ontributions for Tevatron kinematis. Left pane: LL without
lnN/N (a, solid), NLL without lnN/N (b, dashed), NLL with lnN/N (c, short-dashed).
Right pane: ratio of NLL to LL (solid), ratio of NLL with lnN/N to NLL without
(dashed).
also for the LL ase. Fig. 2.1 shows that the eet of the leading lnN/N is
appreiable when ompared to the eet of passing from LL to NLL, the latter
dierene being almost negligible. Inlusion of lnN/N eets leads to notieable
suppression for most of the pT range, and to enhanement at very small and very
large pT . To better understand the origin of these lnN/N suppressed ontributions,
we examine in Figs. 2.2 and 2.3 for eah hannel in (2.4) the ontributions from








Figure 2.2: lnN/N eets for qq¯ hannel at LL, Tevatron kinematis. Ratio to LL
without lnN/N of initial state (solid) and nal state (dashed) eets, and both (short-
dashed).
only to failitate interpretation. To help understand the results, we an expand









Figure 2.3: lnN/N eets for qg hannel at LL, Tevatron kinematis. Labels as in
Fig. 2.2.
the perturbative exponent in eqn. (2.6) to lowest order in αs, keeping only the





































The expressions suggest that the initial state lnN/N terms enhane the ross
setion for the qq¯ and in partiular the qg hannels, while the nal state lnN/N
terms suppress it, again by an amount that depends on the hannel. The net
result turns out to be suppression in the former hannel and enhanement in the
latter. These qualitative aspets are indeed borne out if we use the same method
to ompute initial state lnN/N eets as we did for the nal state in setion
2.2.2
2
. In the present ase however, the net lnN/N eet in both hannels is
suppression, indiating that the non-diagonal terms in the evolution matrix give a
sizeable negative ontribution. Note that for Tevatron kinematis, when ombining
hannels, the qg hannel dominates at low pT , beause the required momentum
frations are not too large. At large pT , where parton momentum frations are
larger, the valene-quark dominated qq¯ hannel takes over.
Turning to E706 kinematis we perform the same studies as we did for the
Tevatron. The results are shown in Figs. 2.4-2.6. We observe an overall enhane-
ment due to the lnN/N eets, somewhat smaller than the hange from LL to
NLL. Both eets are more pronouned than for the Tevatron. This is due both
to a larger value of αs as well as being loser to threshold in this xed target
kinematial regime. Examining the eets per hannel in Figs. 2.5 and 2.6, we
2
The net result in the qq¯ is atually still enhanement, beause the ontribution of the f ′q,g
funtions in (2.29), (2.30) is very small.
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NLL + lnN/N ( c )
NLL ( b )
































Figure 2.4: lnN/N ontributions for E706 kinematis. Labels as in Fig. 2.1.
now see a notieable enhanement from the initial state lnN/N eets in the qq¯
hannel, but still suppression in the qg hannel. Clearly the non-diagonal terms

















Figure 2.6: lnN/N eets for qg hannel at LL, E706 kinematis. Labels as in Fig. 2.2.
Next, we examine the dierenes between threshold and joint resummation.
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In Fig. 2.7 we ompare resummed results diretly by showing the ratios with re-
spet to the joint-resummed pT distribution without lnN/N terms. We see for
Tevatron kinematis that the threshold resummed dominates the joint resummed
at large pT , while at low pT the onverse is true. For the E706 ase the thresh-
old resummed results are entirely below the joint-resummed ones. The threshold
Threshold NLL with lnN/N
Threshold NLL without lnN/N






Threshold NLL with lnN/N
Threshold NLL without lnN/N






Figure 2.7: Comparison of joint resummation and threshold resummation eets, ratios
to NLL without lnN/N for Tevatron (left pane) and E706 (right pane).
resummed urves are shown separately in Fig. 2.8, whih is analogous to the right-















Figure 2.8: lnN/N eets in threshold resummation, for Tevatron (left pane) and E706
(right pane). Labels as in Fig. 2.1 right pane.
terms in threshold resummation leads, as for joint resummation, from suppression
at small pT to enhanement at larger pT , but more notieably. For E706 kine-
matis, dierent from the joint resummation ase, the enhanement at small pT
turns to suppression just below pT = 6 GeV. The ross setion even beomes neg-
ative beyond 6.5 GeV, whih is due to the fat that the nearness of the threshold
drives the sale Q/χ in eqn. (2.20) eetively below the starting sale of the PDF
evolution.
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in joint-resummed and threshold-resummed prompt photon pT distributions at
both ollider and xed target kinematis, at leading auray (j = i). The om-
plete struture of subleading terms of the form (2.34) is still unknown. Note that
we have not onsidered the fragmentation omponent of the prompt photon pro-
dution ross setion in our analysis
3
.
To the extent that terms of the form (2.34) arise from initial state radiation ef-
fets, we used the method of Refs. [30, 33℄ to inlude them, now in a single-partile
inlusive ross setion. Those arising from nal state emission we inluded by ex-
tending the jet funtion to leading lnN/N auray. Numerially we found the
ombined lnN/N terms to be omparable to NLL orretions, and dependent
on kinematis either enhaning or suppressing. The nal state lnN/N ontribu-
tions were partiularly small, while in the initial state the eets of non-leading
1/N eets are appreiable, depending again on hannel and kinematis. The
avour non-diagonal terms in the evolution matrix were found to be numerially
signiant, and the main soure of disrepany with expetations based on simple
approximations. We onlude that, beause the eets, though small, are non-
negligible, understanding the struture of lnN/N terms better is a worthwhile
pursuit.
3
To do so would require inlusion of more partoni subproesses, eah ontaining a sum over
olour strutures for the wide-angle soft radiation omponent, as well as photon fragmentation
funtions [39℄. Presumably, soft-ollinear eets for the fragmentation omponent of prompt
photon prodution ould be inluded in a way analogous to what we did in this hapter for the
initial state: via adjustment of the resummed part, and evolution of the fragmentation funtions.
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The term Monte Carlo methods overs a olletion of algorithms used for simulat-
ing systems in nature. In ontrast to other tools used for simulation, Monte Carlo
methods are nondeterministi in the sense that they are based on stohastis
1
.
Monte Carlo integration tehniques have proven to be very eient in omputing
multi-dimensional integrals numerially and suh tehniques are used in all hap-
ters in this thesis. Another aspet of MC methods is the simulation of radiative
orretions. As mentioned earlier it is very diult, in pratie, to take higher
order eets into aount in perturbation theory exatly and to arbitrary order.
It is, however, possible to aount for higher order eets to some degree through
Monte Carlo showering, i.e. ordered emissions that have a stohasti nature.
In this hapter we begin by introduing the onepts of Monte Carlo integra-
tion. Subsequently we look at event generation and nally we onsider an example
that illustrates the merging of a toy NLO ross setion with a Monte Carlo parton
shower.
3.1 Integration
A straightforward approah to solving integrals numerially is onsidering averaged
sums. Let f(x) be a funtion whih we want to integrate over the interval [a : b].













By a stohasti proess we understand that a given outome is independent from the pre-
eeding outomes
2
In our disussion we are not taking the auray of the integral approximations into aount.
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where we have assumed that the step size is the same in all dimensions. Here, in
this simple example, ∆x is onstant. If we are dealing with a multi-dimensional





dx1 · · · dxmf(x1, . . . , xm) ∼







f(x1k1 , . . . , xmkm )
(3.2)
It is apparent that the estimate beomes better as N is inreased. The method is,
however, slow in general and it works best if the funtion in question varies little
over the whole interval.
In priniple this formula does the job for most funtions. However, if the funtion
is multi-dimensional and is varying onsiderably over the integration volume there
are more eient ways of arrying out the integration.
One way of improving the integration eieny is to onsider adaptive integration
ombined with importane sampling. Adaptive integration is the rst step in
rening the above outlined integration. Imagine that the funtion being integrated
is varying a little in some part of the integration volume, but varying quite a lot in
other parts. Then, over the volume where it is rather at the step-size ∆x does not
have to be as small as in the part of the volume where f varies a lot. This suggests
to introdue a variable step-size ∆x→ ∆xi. Hene with the same amount of steps
one an ahieve a better estimate than in eqn. (3.1). Of ourse there are some
tehnialities hidden in nding the optimal division of the integration volume - a
topi we shall return to shortly.
Importane sampling deals with obtaining information about a funtion f , possibly
from another funtion g whih is (somewhat) similar to f and better known. We






Then one an proeed in the following steps:
1. Try to guess/nd a funtion g(x) whih is similar to f .
2. Rewrite the integrand: f(x)dx = f(x)
g(x)
g(x)dx
3. Change variable: dy = g(x)dx.
4. Set h(y) = f(x)/g(x). Thus we get f(x)dx = f(x)
g(x)
g(x)dx = h(y)dy
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Hene if g is a good approximation of f , h will be quite lose to 1 over the whole
interval of integration and hene the averaged sum using a uniform distribution
of numbers xi ∈ [a : b], applied to h will give a good numerial evaluation of the
integral.
A rather sophistiated and widely used algorithm was developed in the 70's alled
the Vegas algorithm, whih makes use of adaptive integration and inludes impor-
tane sampling in an automatized way [1℄, using an iterative approah.
Prior to the rst iteration the integration area is initially divided into a uniform
(possibly multi-dimensional) grid. Subsequently an algorithm, whih measures the
rate of hange of the integrated funtion when going from one grid point to the
next, is applied. Grid points where the rate of hange is large are assigned a larger
weight while grid points where the rate of hange is rather limited (whih amounts
to the funtion being rather at) a smaller weight. In the next iteration a new
grid is made based on the information sampled in the previous iteration. The new
grid is dense where the weights were large and diluted where they were low.
In eah interation a new grid is reated based on the atual behaviour of the fun-
tion in question. This method assumes that the grid will start to onverge to some
stable grid after a ertain amounts of iterations.
After a suitable amount of iterations shaping the grid, the grid is xed, and the
integration an begin. It is again done in a series of iterations, like the optimiza-
tion of the grid. In eah iteration the auray of the integral is improved. One
may also reate a histogram of the integrand.
There are other algorithms similar to VEGAS, for instane BASES [2℄ whih is
used in the MCNLO framework.
We now proeed to disuss some other examples of Monte Carlo integration as
well as the onept of event generation.
3.2 (Un)weighting: Integration and Event Gener-
ation
There are basially two approahes in numerial integration whih in turn are
equivalent. The rst deals with so-alled weighted events, where with event we
mean one of the N random numbers in eqn. (3.1) or N sets of them in the ase of
a multi-dimensional integration (eqn. (3.2)). The events are generated randomly
aording to a uniform distribution but subsequently every event is assigned a
weight proportional to some probability distribution. In a sense this is preisely
how the just-desribed VEGAS algorithm works. Thus an algorithm desribing
weighted integration of a funtion f over the interval [a : b] ould look like the
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following:
1. selet a random number x′, where x′ ∈ [a : b]
2. evaluate y = f(x′)
3. bin (x′, y) aordingly in a histogram
4. nally normalize to the bin width
5. add up the area of all the bins. This ould be a seletion in the nal iteration
of a VEGAS algorithm in whih ase the VEGAS weight must be inluded
in y.
As a more involved example we onsider the weighted integration of a sattering













dxi J |M′(~x)|2︸ ︷︷ ︸
weight w(~x)
(3.5)
where J is the Jaobian mapping the ~pi to ~x = (x1, . . . , xn), where 0 ≤ xi ≤ 1 for
all i. Thus the algorithm for generating weighted events, where events now orre-
spond to a sattering aording to the proess represented by M with inoming
and outgoing momenta determined by the random numbers, an be summarized
in a ouple of steps:
1. Pik {xi} aording to a uniform distribution.
2. Determine the mapping {xi} 7→ {pj(xi)}.
3. Find e.g. the transverse momentum pT of the desired partile.
4. Enter an entry in the orresponding histogram with weight (J |M′|2)({xi})
A dierent approah is given by unweighting. Events are generated aording
to a distribution and reorded (binned) with a onstant weight. The so-alled
hit-and-miss integration method is perhaps the simplest example of unweighted
integration.
Let f be a (positive) funtion that is to be integrated on the interval [a : b].
Hit-and-miss works in the following way
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Figure 3.1: A sketh of the hit-and-miss method as desribed in the text.
1. First we determine the maximum value of f , fmax = max(f(x)|a ≤ x ≤ b)
and subsequently hoose a number ym ≥ fmax.
2. Pik a random number x′ so that x′ ∈ [a : b].
3. Pik another random number r ∈ [0 : 1]
4. Compare: if f(x′)/ym < r then aept.
• else if f(x′)/ym > 1′ rejet and return to 1.
5. Obtain the integral via I = (b− a)ym aepted events
total number of events
.
The situation is shown in g. 3.1.
Unweighting mimis nature most diretly, sine nature does not assign weights
to events; rather there are intrinsi probabilities for events to our. Thus in our
attempt to desribe nature we model probability distributions aording to whih
events are generated, and subsequently bin them with unit weight.
3.3 The Veto Algorithm
In our attempt to desribe nature we need a mean to simulate the emission of
asades of partons, emitted from inoming and outgoing partiles. Ideally we
wish to do this in a way that uses unweighting. In the following we shall fous on
suh methods and this will be followed by a disussion of Monte Carlo showering.
Although we have asade-type emissions from an inoming or outgoing parton
in mind we start our disussion in general terms.
Let P(t) be a dierential probability of an event ouring at t. Here t an be time,
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energy (sale), momentum, et. Thus P(t)dt returns the probability that an event
ours within t and t + dt. This, in turn, means that (sine dt is added to t) the
probability that nothing has happened at t must be less than or equal to P(t)dt.
If N (t) denotes the probability that nothing has happened by t then we must have
the relation:
P(t)dt = −dN (3.6)
This relation an also be obtained by posing the question: How does N hange
when t→ t+ dt ? We get the relation:
N (t+ dt) = N (t)− f(t)dtdN (t) (3.7)
whih is to be interpreted in the following way: at t + dt the probability that
nothing has happened is equal to the probability that nothing happened at t




= f(t)N (t) (3.8)
This dierential equation is easily solved








This immediately gives the solution for N








If there exists an F suh that F (t)− F (0) = ∫ t
0
f(t′)dt′ then we have
F (0)− F (t) = lnR (3.11)
Sine N is a probability eqn. (3.11) only makes sense if R ∈ [0 : 1]. This has the
following impliation: if we wish to selet t randomly aording to some distri-
bution we rst selet R randomly and uniformly from [0 : 1]. Then we nd t by
isolating it in eqn. (3.11):
t = F−1(F (0)− lnR) (3.12)
This method is alled inverse transform sampling and works well when the funtion
(distribution) f and its primitive F are well known. This is, of ourse, not always
the ase.
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A Generalized Veto Algorithm
It would therefore be onvenient to have a similar method but generalized to the
ase where F is not fully known or does not have a primitive funtion assoiated.
If it is possible to nd a funtion g with a known primitive G that approximates
f and an funtion as a bound, i.e. has the properties f(x) ≤ g(x) ∀x ≥ 0 we an
onstrut the following algorithm:
1. set i = 0 and t0 = 0





. Thus ti is hosen aording
to g but with the requirement that ti ≥ ti−1.
3. Selet a new random number, R′:
• if f(ti)/g(ti) ≤ R′ rejet ti and return to 1.
• if f(ti)/g(ti) ≤ R′ aept ti
This method has a big advantage when f has peaks3. It is then possible to inrease
integration eieny by hoosing g (or a set of gi's) in a lever way.
We now speify the disussion to Monte Carlo parton showers whih are an example
of the usage of the Veto algorithm.
3.4 MC Showering
In this setion we desribe MC emissions by rst using the language of probability
theory and subsequently motivating the main formula using physial arguments.
Let us onsider the emission of photons with energy zi, and a probability of emis-





















The fator 1/n! is a symmetry fator. We shall now onsider this formula in detail.
We denote









the probability that no photon is emitted within the interval of energies given by
[x1 : x2]. The reader may reognize this as a Sudakov fator. We shall return to
3
By peaks we mean where the gradient of f is (numerially) large.
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this issue in a short while. The exponential fator in eqn. (3.13) thus yields the
probability that no emission takes plae at any sale. This is multiplied by the
probabilities of one emission, two emissions et., and all these ontributions are
nally summed.
The funtion Q(z) is required to have the following properties
0 ≤ Q(z) ≤ 1 , limz→0Q(z) = 1 , limz→1Q(z) = 0
Furthermore a is the oupling and thus if a → 0 there should be no emission,
while a→∞ there should be many emissions (∆→ 0 i.e. it beomes improbable
that no emission takes plae).
Eqn. (3.13) does not inorporate bounds on emissions, whih are always present
in realisti ases. Let us therefore analyse emission probabilities in the presene
of energy ut-os.
In a simulation of a sattering event the objetive typially is to generate a number
of events, say, N . In eah of these events the system undergoes a asade of
emissions whih will be simulated by a Monte Carlo ode. Let xM be the maximum
energy an emitted photon an have, and x0 be the lower boundary of the energy
of a photon after a branhing - i.e. x0 is a ut-o sale. This means that there an
be no emission if z < x0. Therefore we must have:




































≡ P(ANY emission 0 ≤ z ≤ x0)× P(NO emission 0 ≤ z ≤ xM )
(3.15)



















i.e. the sum of the possible emissions exponentiates niely. From eqns. (3.15)
and (3.16) we thus derive
















Figure 3.2: Figure showing parton branhing following dierent paths in (t, x)-
spae [3℄.
As we shall now see this equation has well understood physial reasons as well.
Here we onsider the initial-state ase. Before a parton eventually partiipates in a
(hard) sattering it typially goes through asade of emissions [3℄. This is pitured
in the following way: a parton starts out at a low virtual mass-squared, −t0 and
arrying a momentum fration of the mother partile (a hadron), x0. Every sub-
sequent branhing, and hene emission, hanges the values of −t and x. Thus the
branhing an be desribed by a set of parameters
{
(−t0, x0), (−t1, x1), . . . , (−tn, xn)
}
.
At the end the parton partiipates in the hard sattering at a sale, Q2.
The branhing of a parton into two other partons is desribed by a splitting fun-
tion, Pab(z). Here a is the inoming parton, and b is one of the outgoing. Knowing
a and b one an determine the third parton, c.
The question is now how the parton distributions hange when an evolution
(t, x) → (t + δt, x + δx) takes plae due to an emission? Looking at g. 3.2
we see that the hange an be measured by alulating (number of arriving paths
- number of leaving paths )/δx in the volume element (δt, δx). The total number
of arriving paths is given by the integral of the probability of branhing times the
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The reader should note that the integrand vanishes for z < x, i.e. x′ > 1 whih is
the reason why the latter integral ranges from 0 to 1.
Seondly, the total number of paths leaving the volume element is given by a






















Thus ombining we get:
















, t)− f(x, t)
]
(3.20)
This equation an be rewritten by dening P (z) ≡ Pˆ (z)+, where Pˆ (z)+ is the plus


































whih is nothing but the DGLAP equation [4, 5, 6℄.















whih we reognize as the Sudakov form fator. This fator desribes the probabil-
ity of evolution from t0 to t without having a branhing. Furthermore we see that
it is a funtion of the type shown in eqn. (3.13). If we substitute the expression in
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Solving for f we obtain:












Pˆ (z)f(x/z, t′) (3.25)
The equation is to be interpreted as follows [3℄: the rst term on the RHS desribes
the paths in g. 3.2 that do not branh between t0 and t. Here we notie that, in
aordane with the derived results (eqns. (3.13)-(3.17)), the Sudakov form fator
is the probability of having no emissions between t0 and t. The seond term gives
the ontribution oming from all paths that have their last branhing at sale t′. In
partiular the fator ∆(t)/∆(t′) is the probability of evolving from t′ to t without
emission.
3.5 MC Showers and NLO preission
In the preeding setion we have disussed the mehanisms of Monte Carlo show-
ering. In most of the well-known MC programs, suh as PYTHIA [7℄ and HER-
WIG [8℄, showering is merged with LO ross setions in an attempt to take into
aount soft and ollinear emissions. From a tehnial point of view it has been
known for a long time now how to interfae the showers with a LO ross setion.
When merging the MC showers with a higher order ross setion the situation
beomes less transparent. A NLO ross setion, for instane, already inludes one
extra real emission. This means that when merging with a MC shower one runs
into the risk of double ounting, i.e. that one of the emissions of the shower will be
idential to the real emission, aounted for by the NLO alulation, already. A
seond issue that makes the treatment of NLO ross setions more diult is that
of virtual orretions. Virtual ontributions an negative, whih allows for genera-
tion of negative weights. In the ase of MCNLO, to be disussed in the following
hapters, these are simply kept trak of, and so far have not played a large role.
It is even possible to dene a merging sheme to remove them altogether [9℄.
Here we shall shematially indiate, using a toy model, how the double-ounting
problem is solved in the ase of MCNLO.
3.5.1 Toy Example
In this setion we shall onsider a toy example (whih follows the outline in [10℄).
This example will illustrate what is needed when interfaing a (toy) NLO ross
setion with a MC shower.
We imagine a proess in whih additional photons an be emitted with energy
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The subsripts here indiate B for Born level, V for virtual and R for real emission.
The funtion desribing the real emissions must redue to the Born ross setion
in the very soft limit, i.e. we must have
lim
x→0
R(x) = B (3.28)
In our example we hoose R to be:




To determine the distribution of an observable in MCNLOO the following inte-











parton shower  O(α)︷ ︸︸ ︷
BQ(x) )
x︸ ︷︷ ︸
Real emission + MC shower
+ IMC(O, 1)
(
B + αV − αB(Q(x)− 1)
x︸ ︷︷ ︸
(LO & virtual) + MC shower
)] (3.30)
The terms B, V and R are the Born, Virtual and Real parts, respetively. The
funtion IMC is the interfae between the parton shower and the respetive parts
of the NLO ross setion. It depends, of ourse on the observable (O = pT , y, . . .),
and on the starting energy. In the rst term the starting energy, xM (x), aounts
for the fat thath a NLO emission with energy x has already oured. In the
seond term the maximum energy is still available. We see that in both of the
main terms there is a subtration taking plae. This avoids an overlap between a
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MC (theoretical)
NLO (theoretical)











Figure 3.3: NLO and MC results.
real emission and the same emission from the parton shower.
To illustrate we now onsider an inlusive variable dened to be:
y = max(x1, . . . , xn) (3.31)
where n is the number of emissions in one given event and the xi are the energies
of the emissions. Let us desribe the (dierential) ross setion in terms of a NLO

















Numerially this is then treated in the following way:
• The NLO part is integrated by usage of unweighted integration (hit and
miss)
• The MC term is integrated by running the Monte Carlo algorithm outlined
in setion 3.4.
The result is shown in g. 3.3 We observe the dierent nature of the NLO result
and the MC result and hene also the potential problem of mathing and merging
the two ontributions into one ross setion.
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Figure 3.4: MC results with the three hoies of Q, mentioned in the text.
We proeed with studying the merger of the MC part with the NLO. A dead
zone is imposed on the MC part, here hosen to be xdead = 0.6. This means
that emissions with energies above xdead are prohibited and this is done in order
to (empirially) math the MC shower with the NLO. The dead zone an be
inorporated by hosing suitable forms of the Q funtion.
Here we hoose three dierent funtions, all implementing the dead zone:
1. Q(x) = Θ(xdead − x)
2. Q(x) = Θ(xdead − x)G(x/xdead),with α = 1, β = 1, c = 1
3. Q(x) = Θ(xdead − x)G(x/xdead),with α = 2, β = 1, c = 4
(3.33)
where the smoothing funtion G is given by:
G(x) =
c2(1− x)2β
x2α + c2(1− x)2β (3.34)
In g. 3.4 the three dierent hoies are shown and it is apparent that the dierene
between the three hoies is rather large. Next we we examine the eet of the
mathing with the NLO part. This is shown in g. 3.5. The dierene between
the three urves is hardly notiable. From the shape and omparing with g. 3.3
we see that the NLO part dominates for larger values of y while the low to mid
range it is mainly the MC showers that determine the shape.
Indeed the MCNLO presription in eqn. (3.30) merges the two desriptions well.
This example illustrates the essential features of the MCNLO approah. Details
for realisti ases an be found in refs. [10, 11, 12℄.
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NLO (theoretical)
MC@NLO: Q(x) = Θ(0.6− x)G(x/0.6)MC@NLO: Q(x) = Θ(0.6− x)G(x/0.6)










Figure 3.5: MC results with the three hoies of Q, mentioned in the text.
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Chapter 4
Single-top prodution in MCNLO
Heavy avour prodution at hadron olliders has been the subjet of extensive
theoretial and experimental studies for more than twenty years. The disovery of
the top quark has oered an exellent opportunity to test QCD preditions muh
more reliably than in the ase of bottom or harm, thanks to the smaller value of
αs and the relatively minor impat of long-distane eets, the top having no time
to hadronize before deay. At present, all omparisons between theory and data
onern tt¯ pair prodution; a ruial role in the satisfatory agreement between
preditions and experimental results is played by the next-to-leading order (NLO)
QCD orretions [1, 2, 3, 4℄, whih enlarge the leading-order ross setion by about
30% at the Tevatron. A ompanion proess to pair prodution is that in whih a
single top quark is present in the nal state. In suh a ase, a weak-interation
Wtb vertex is involved, and thus the single-t ross setion is smaller than the
one for tt¯ (in spite of being favoured by phase spae volume), whih so far has
prevented observation of suh a prodution mehanism by Tevatron experiments.
In terms of Standard Model physis, single-t prodution is a diret probe of the
weak interations of the top, whih in fat onstitutes the main interest of single-t
signals. Amongst other things, this may lead to measurements that have not been
performed so far, namely of the CKM matrix element Vtb, and of the b parton
density. Single-t prodution is in addition an important bakground for many
searhes for new physis, and an in general be seen as an eetive way to study
new physis phenomena in the heavy setor.
For single-t searhes, or ounting experiments in whih single-t is a bakground,
it is ruial to have a reliable estimate of the number of events expeted, i.e. of
the total rate. In this respet, NLO results are mandatory, also in view of the
fat that they allow a sensible assessment of the size of unknown ontributions of
higher orders. Calulations of fully-dierential NLO single-t ross setions have
been performed in refs. [5, 6, 7, 8℄ and, inluding NLO top quark deay, in refs. [9,
10, 11, 12, 13℄. On the other hand, in order to optimize aeptane uts in an
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experimental analysis, or to perform full detetor simulations, one needs realisti
hadron-level events, whih are obtained with Monte Carlo event generators that
inorporate the simulation of parton showers and hadronization models.
The omplementary benets of xed-order omputations and parton shower
simulations have been disussed at length in the literature, as well as the advan-
tages of ombining them into a framework whih would retain the strong points
of eah of them. The MCNLO approah [14, 15℄ (we shall refer to these papers
as to I and II respetively hereafter) provides a way of ahieving this, by allowing
one to math ross setions omputed at NLO in QCD with an event generator.
No modiations to the latter are neessary, and therefore existing parton shower
Monte Carlos an be used for this purpose.
Although the MCNLO formalism has been dened in full generality in I,
expliit implementation details have been given there only for proesses with no
nal-state QCD emissions at the level of hard reations. Suh a ase has been
onsidered later in II, with the implementation of tt¯ and of bb¯ prodution. In
the ontext of MCNLO, a proess-independent alulation is required for eah
type of soft and/or ollinear singularity whih appears in the NLO real matrix
elements. A quik inspetion of the proesses implemented so far (see ref. [16℄)
should onvine the reader that the only singularity struture untreated is the
nal-state ollinear one. We shall deal with this singularity in this hapter. It
must be lear that, as for all of the other singularities whih have been studied
previously, our formulation will not depend on the fat that the spei single-t
prodution proess is onsidered here: in the derivation of the analytial formulae
the nature of the hard reation is irrelevant (whih is further evidened by the fat
that the inlusion of single-t prodution in MCNLO relies signiantly on results
obtained in I and II). What we ahieve here is therefore, besides the addition
of an important proess to the MCNLO framework, the apability of inluding
other proesses in MCNLO without the need of performing further analytial
omputations, notably those having nal-state (massless) partons at lowest order.
This hapter is organized as follows: in set. 4.1 we disuss single-t produ-
tion in the ontext of xed-order omputations and Monte Carlo simulations.
Set. 4.1.1 reviews the status of the matrix elements used in the present om-
putation. We limit ourselves here to implementing the s- and t-hannel produ-
tion mehanisms, and neglet spin orrelations in prodution. In set. 4.1.1 we
show that some hanges an be made in the subtration formalism [17, 18℄ upon
whih MCNLO is based, whih leave its analytial expression unaeted, but im-
prove its numerial stability. We then proeed to set. 4.1.2, where we write down
the approximate single-t prodution ross setions generated by HERWIG, whih
enter the denition of the MC subtration terms needed for the mathing with
NLO results. Implementation details of MCNLO, onerning in partiular the
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simultaneous presene of initial- and nal-state ollinear singularities, are given in
set. 4.2. We present results for single-t prodution at the Tevatron in set. 4.3;
phenomenologial studies, inluding results for the LHC, will be the subjet of the
next hapters. Finally, onlusions and future prospets are reported in set. 4.4.
Some tehnial details are olleted in the Appendies.
4.1 Single-top ross setions
Eah proess in MCNLO is based on two main building bloks: a fully-exlusive
NLO omputation; and the knowledge of the so-alled MC subtration terms,
whih are losely related to the rst non-trivial order in the formal αs expansion
of the HERWIG Monte Carlo result. We shall treat these two issues in turn.
4.1.1 NLO omputation
Fully-exlusive observable preditions do not stritly exist in QCD: the theory
has nite resolution power, in the sense dened by the KLN theorem. However,
we an onventionally talk of fully-exlusive omputations, as those in whih the
anellation of the infrared singularities is formally ahieved analytially in an
observable-independent manner, and the four-momenta of all of the nal-state
partons are available for dening the observables  this does not violate the KLN
theorem, sine the formal anellation mentioned above atually ours only in
the ase of infrared-safe observables. Fully-exlusive omputations are ruial for
the mathing of NLO ross setions with Monte Carlos, sine the latter need
to know the four-momenta of all the partiles involved in the hard proess in
order to ompute the initial onditions and the various branhing probabilities
for the parton showers. Modern omputations of this kind are based on universal
subtration or sliing formalisms; we shall disuss the one used within MCNLO in
set. 4.1.1. Before doing that, we give some details spei to the matrix elements
for single-t prodution.
Matrix elements
The lowest-order parton level proesses are ustomarily divided into three lasses
that will also serve to ategorize the NLO ontributions. They are shown in g. 4.1.
In the rst diagram the single top quark is produed in the annihilation proess
u+ d¯→ t+ b¯ , (4.1)
via a time-like W boson, and is therefore alled the s-hannel proess. In the
seond diagram, the initial bottom quark is onverted into a top quark via the
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exhange of a W -boson
b+ u→ t+ d , (4.2)
and is therefore alled the t-hannel proess. The nal two graphs represent the
Wt proess in whih the top quark is produed in assoiation with a real W
b+ g →W + t . (4.3)
The ross setion for this proess ourring at the Tevatron is very small and
we neglet it here. For the LHC this proess beomes non-negligible however.
Note that in reations (4.1) and (4.2) we have only listed the CKM-dominant
ombinations of quark avours, but all CKM-allowed ombinations are inluded
in this hapter. Consistently, the b quark is always assumed to be massless.
Figure 4.1: Leading order diagrams for single-t prodution in the (1) s-hannel,
(2) t-hannel and (3) Wt-mode. The t-quark line is doubled.
In NLO one must inlude virtual and real orretions to the s- and t-hannel
proesses. The virtual orretions onsist of vertex orretions to diagrams (1)
and (2) in g. 4.1, together with the self-energy orretions to the t-quark line1.
We shall not disuss these orretions in detail, nor give their expliit expressions,
as these are already given in the literature. To prepare a remark on single-antitop
prodution further below, we reall here that the vertex orretion in the rst
diagram of g. 4.2 is proportional to the lowest order vertex γµ(1 − γ5) beause
only light quark lines are attahed to it. If the top quark line is attahed as in the
seond diagram of g. 4.2, a seond form fator appears at NLO, proportional to
the dierene (pµt − pµb¯ )/mt. A similar situation ours in the t-hannel.
Conerning the real-emission orretions, we ategorize these proesses by the
1
Box graphs vanish sine they involve a single olour matrix on a fermion line, i.e. a null
trae.
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Figure 4.2: Virtual vertex orretions to s-hannel single-t prodution.
dominant CKM ontributions, as follows
ud¯ −→ tb¯g , (4.4)
ub −→ tdg , (4.5)
bd¯ −→ tu¯g , (4.6)
ug −→ tb¯d , (4.7)
d¯g −→ tb¯u¯ , (4.8)
bg −→ tdu¯ . (4.9)
A rather detailed disussion of these proesses, and how they are assigned to s-
and t-hannel, an be found in the next setion.
Figure 4.3: Diagrams ontributing to ug → tb¯d.
The alulation of the single-t¯ ross setion is perfetly similar to that for the
single-t desribed above, after harge onjugation. It may be perhaps less apparent
that the seond vertex form fator, mentioned above, proportional to (pt¯− pb)/mt
remains unhanged, sine the quark propagators hange the sign of the mass term.
However the harge ow of the onjugated amplitude is also reversed, resulting in
an unhanged expression.
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Figure 4.4: Diagrams ontributing to bg → tdu¯.
Subtration proedure
In order to implement a proess in MCNLO, its NLO ross setion must be om-
puted aording to the subtration formalism presented in refs. [17, 18℄ (denoted
as FKS heneforth). The basi idea in FKS is that of partitioning the phase spae
of the nal-state partons involved in real-emission ontributions, in suh a way
that the resulting regions do not overlap, over the whole phase spae, and eah
of them ontains at most one ollinear and one soft singularity. In eah of these
regions it is natural to selet the one parton (alled the FKS parton here) with
whih the singularities are assoiated. Denoting by M(r) the generi real matrix















S(1)ij M(r) . (4.11)
The FKS parton is labelled with i in eqs. (4.10) and (4.11). The rst term on
the r.h.s. of eqn. (4.11) gives a divergent ontribution (i.e., a ontribution whih
has to be subtrated) only in the infrared regions in whih parton i is soft and/or
ollinear to one of the initial-state partons. Analogously, the only infrared regions
in whih the seond term on the r.h.s. of eqn. (4.11) is divergent are those in whih
parton i is soft and/or ollinear to nal-state parton j. More preisely, denoting
by pα and kα the four-momenta of the initial- and nal-state partiles respetively,
2
The notation of refs. [17, 18℄ has been slightly hanged here in order to simplify the disussion.
Funtions S present in this hapter play the same role as funtions Θ in ref. [18℄.
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= 1 , (4.12)
lim
~ki‖~p1
S(0)i = 1 , (4.13)
lim
~ki‖~p2
S(0)i = 1 , (4.14)
lim
~ki‖~kj
S(1)ij = 1 , (4.15)
while all the other infrared limits not expliitly listed above are zero
3
. Eqs. (4.12)
(4.15) are the only properties of the S funtions used in the analytial omputations
of refs. [17, 18℄; their atual funtional forms away from the infrared limits are only
relevant to numerial integrations. It should be stressed that all partons in the nal
state may indue a divergene of the real matrix elements; to take this fat into
aount, the role of FKS parton is given to eah parton in turn, whih is formally
expressed in eqn. (4.11) by the sum over i that appears on the r.h.s. there.
After the phase spae of the nal-state partons is eetively partitioned through
eqn. (4.11) into dierent infrared-singular regions, FKS hooses a dierent phase-
spae parametrization in eah of these regions. It must be lear that the phase
spae is always the same, i.e. that relevant to the n partiles involved in real-
emission proesses; the only dierene between the various regions is in the hoie
of the integration variables whih are left after getting rid of the δ funtions that
appear in the phase-spae denition. The integration variables are hosen to per-
form the neessary analytial integrations in an easy way, and to failitate impor-
tane sampling in numerial integrations. The key variables in the phase-spae
parametrization assoiated with S(0)i are the energy of parton i (diretly related to
soft singularities), and the angle between parton i and one of the initial-state par-
tons (diretly related to initial-state ollinear singularities). For S(1)ij , the energy
of parton i and the angle between parton i and parton j (related to a nal-state
ollinear singularity) are hosen instead. Obviously, the indies i and j are dummy
here (phase spaes are avour blind), and therefore there are only two independent
funtional forms for phase spaes in FKS, whih loosely speaking are relevant to
initial- and to nal-state emissions. More details, and spei funtional forms,
are given in appendix C.
After the partition of the phase spae, ahieved by means of S(0)i and S(1)ij , it is
the matrix elements that determine whether a singularity atually ours in a given
3
The supersripts (0) and (1) are legay notation from ref. [17℄, where these S-funtions are
related to jet-nding algorithms, and the supersripts indiate the algorithm step at whih a
merging takes plae.
Chapter 4. Single-top prodution in MCNLO 73
4.1. Single-top ross setions
region of suh a partition. As a general rule, one should hoose the simplest possible
forms for the S funtions that still allow subtration of all singularities. Although
this is by no means mandatory (a region without singularities will simply give a
nite ontribution to the ross setion), it is beneial for well-behaved numerial
omputations. Sine single-t matrix elements have a singularity struture muh
simpler than that of the matrix elements onsidered in refs. [17, 18℄, the S funtions
will also be simpler here. We also want to use the present proess as a test ase, and
will dene the S's as smooth funtions of invariants, at variane with the original
formulation of refs. [17, 18℄, in whih they have been expressed as produts of Θ
funtions.
We start by denoting the four-momenta entering an NLO tree-level single-t
prodution proess as follows
α(p1) + β(p2) −→ t(k1) + γ(k2) + δ(k3) , (4.16)
where α and β are the inoming partons from the left (p31 > 0) and from the right
(p32 < 0) respetively; γ and δ denote light nal-state partons. We shall use the
following shorthand notation
(α, β; t, γ, δ) (4.17)
for the momentum assignment of eqn. (4.16).
We rst onsider proess (4.4); the treatment of proesses (4.5) and (4.6) is
idential
4
. We assign momenta as follows:
(u, d¯; t, b¯, g) . (4.18)
By inspetion of the relevant Feynman diagrams, we immediately onlude that
the only singularities are assoiated with the gluon: the nal-state light quark
annot give rise to a ollinear divergene, being in all ases onneted to a W
boson. Therefore, for suh proesses the gluon will always be the FKS parton and,
aording to the disussion given at the beginning of this setion, we an hoose
the S funtions in suh a way that the only non-zero ones are S(0)3 and S(1)32 . In
partiular, with the following forms
S(0)3 =
(k3 ·k1)a(k3 ·k2)a
(k3 ·k1)a(k3 ·k2)a + (k3 ·p1)a(k3 ·p2)a , (4.19)
S(1)32 =
(k3 ·p1)a(k3 ·p2)a
(k3 ·k1)a(k3 ·k2)a + (k3 ·p1)a(k3 ·p2)a , (4.20)
equations (4.10)(4.15) are fullled (i ≡ 3, the gluon being the FKS parton). In
eqs. (4.19) and (4.20) a is an arbitrary positive real number; the physial results
4
It is immediate to see that the proedure adopted here to disentangle the singularities of
(α, β; t, γ, δ) works identially for (β, α; t, γ, δ).
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will not depend on a, and their stability against the variation of a will onstitute a
hek of the orretness of our implementation. It is lear that the numerators of
eqs. (4.19) and (4.20) will at as damping fators for nal- and initial-state ollinear
singularities respetively; the larger a, the stronger the damping. Formally, in the
a → ∞ limit we ould reover the Θ-based implementation of the S funtions
of refs. [17, 18℄. More pragmatially, we shall use the freedom in the hoie of a
to improve, if neessary, the numerial stability of the result, and will study its
impat on the number of negative-weight events in MCNLO, see setion 4.3.
We now turn to the ase of proess (4.7); the orresponding Feynman diagrams
are shown in g. 4.3. There are only initial-state ollinear singularities in this ase,
due to the splittings g → bb¯ (graph 2) and g → dd¯ (graph 3). On the other hand,
these two diagrams do not interfere: the former ontributes to the t-hannel ross
setion, the latter to the s-hannel one. Sine s- and t-hannel ontributions are
integrated separately, we are in the same situation as proess (4.4) (i.e., only one
parton an give singularities), exept for the fat that no nal-state singularities
are present in this ase. Therefore, we an set S(1) = 0 here, whih implies S(0) = 1.
It also implies that we are in the same situation as that treated in I (whih also
applies to many other proesses implemented in MCNLO). This situation now
naturally appears as a partiular ase of a more general implementation in whih
singularities are disentangled by means of S funtions.
Sine proess (4.8) is ompletely analogous to proess (4.7), we nally deal with
proess (4.9), whose Feynman diagrams are shown in g. 4.4. Of those, graphs 1
and 4 ontribute to the Wt mode, whih has not been onsidered here and are
therefore dropped, while graphs 2 and 3 ontribute to the t-hannel. Graph 2
(graph 3) is singular when the u¯ (d) is emitted ollinearly to the initial-state gluon;
sine the two diagrams do interfere, we disentangle the singularities by means of
the S funtions. We assign the momenta aording to




(k2 ·p1)a(k2 ·p2)a + (k3 ·p1)a(k3 ·p2)a , (4.22)
S(0)3 =
(k2 ·p1)a(k2 ·p2)a
(k2 ·p1)a(k2 ·p2)a + (k3 ·p1)a(k3 ·p2)a , (4.23)
whih again fulll equations (4.10)(4.15). Although the same arbitrary parameter
a as in eqs. (4.19) and (4.20) has been used here, this is in fat not neessary; we
ould introdue another free parameter, independent of a.
We onlude this setion by stressing that the funtional dependenes of the S
funtions given above are orrelated with the momentum assignments hosen for
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the orresponding subproesses. For example, eqs. (4.22) and (4.23) imply that
the FKS parton will have four-momentum k2 and k3 respetively. Clearly, the
subtration formalism is independent of the partiular labeling adopted for eah
proess. Therefore, through a relabeling we an always assign four-momentum k3
to the FKS parton. Suh relabeling is a purely formal trik to render manifest the
loal mathing between NLO matrix elements and MC subtration terms.
As far as proesses (4.4)(4.6) are onerned, we pointed out before that only
the gluon an play the role of FKS parton. Thus, the momentum assignment in
eqn. (4.18) and the analogous ones
(u, b; t, d, g) (4.24)
(b, d¯; t, u¯, g) (4.25)
are what we want; as a onsequene, the S funtions have still the forms given in
eqs. (4.19) and (4.20). For the proess in eqn. (4.7), see g. 4.3, we noted that in
the ases of s- and t-hannel ontributions the singularities arise from the splittings
g → dd¯ and g → bb¯ respetively. Therefore, we assign momenta as follows
(u, g; t, b¯, d) s−channel, (4.26)
(u, g; t, d, b¯) t−channel, (4.27)
and analogously for proess (4.8)
(d¯, g; t, b¯, u¯) s−channel, (4.28)
(d¯, g; t, u¯, b¯) t−channel. (4.29)
Finally, owing to the fat that S(0)2 ↔ S(0)3 when k2 ↔ k3, we write
M(r)(b, g; t, d, u¯) = S(0)3 M(r)(b, g; t, d, u¯) + S(0)2 M(r)(b, g; t, d, u¯)
= S(0)3
[
M(r)(b, g; t, d, u¯) +M(r)(b, g; t, u¯, d)
]
. (4.30)
In other words, we shall assign the momenta in proess (4.9) in two dierent ways
(b, g; t, d, u¯) , (4.31)
(b, g; t, u¯, d) , (4.32)
and for eah of them we multiply the orresponding matrix element times S(0)3 given
in eqn. (4.22); as shown in eqn. (4.30), this is fully equivalent to eqs. (4.21)(4.23).
As a nal remark, we note that when keeping the same ordered notation (4.17)
after harge onjugation the treatment of real emission orretions to anti-top
prodution is perfetly analogous, and the inlusion of single-t¯ requires no extra
work.
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4.1.2 MC ross setions expanded to NLO
As disussed in I and II, in order to onstrut the MC subtration terms one
needs the ross setion obtained by keeping the rst non-trivial order in the αs
expansion of the parton shower Monte Carlo that will be mathed with the NLO
omputation. The expliit results presented here are relevant to HERWIG. The
















where the index µ generially indiates a olletion of labels whih unambiguously
identify the 2→ 3 partoni subproess. The index L assumes the values +, −, f1,
and f2 (the latter two were denoted by Q and Q¯ in II). The index l, whih diers
per olour struture, assumes the values qi·qj , where qi and qj are the four-momenta
of the olour partners relevant to the emission onsidered; in this way, the shower
sale is
E20 = |l| ≡ |qi ·qj|. (4.34)
In II we had l = s, t, u (and E20 = |l|/2), but in the ase of unequal masses this
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dx¯1f dx¯2f , (4.38)
where the avours a and b of the inoming partons depend on the value of µ. The
short-distane ross setions that appear on the r.h.s. of eqs. (4.35)(4.38) an be






























































where the Θ's aount for HERWIG dead regions (see set. 4.3 of II), and the
avours a′, b′, and the values of µ′ an be determined by onsidering the possible
ollinear splittings of the orresponding NLO tree-level proesses.
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(u, d¯; t, b¯) (d¯, u; t, b¯)
(u, d¯; t, b¯, g) ±(p1 ·p2); f1,2(k1 ·k2)
(d¯, u; t, b¯, g) ±(p1 ·p2); f1,2(k1 ·k2)
(u, g; t, b¯, d) −(p1 ·p2)
(d¯, g; t, b¯, u¯) −(p1 ·p2)
(g, u; t, b¯, d) +(p1 ·p2)
(g, d¯; t, b¯, u¯) +(p1 ·p2)
Table 4.1: Short-distane ontributions to MC subtration terms, for the s-hannel.
The two olumns orrespond to the two possible s-hannel Born ross setions,
distinguished by the diretion of the inoming partons. For a given proess, the
entries show the emitting legs, and in round brakets the value of the shower sale
E0 (up to a sign), aording to the possible olour ows.
(b, u; t, d) (b, d¯; t, u¯)
(b, u; t, d, g) +, f1(p1 ·k1); −, f2(p2 ·k2)
(b, d¯; t, u¯, g) +, f1(p1 ·k1); −, f2(p2 ·k2)
(b, g; t, d, u¯) −(p2 ·k2)
(g, u; t, d, b¯) +(p1 ·k1)
(b, g; t, u¯, d) −(p2 ·k2)
(g, d¯; t, u¯, b¯) +(p1 ·k1)
Table 4.2: As in table 4.1, for the t-hannel, with bu- and bd¯-initiated Born pro-
esses.
As in II, we use unbarred and barred symbols to denote quantities relevant
to 2 → 3 and 2 → 2 proesses respetively. The momentum assignments for the
former are given in eqn. (4.16), while for the latter we use
α′(p1) + β
′(p2) −→ t(k1) + γ′(k2) , (4.41)
whih we shorten in a way similar to eqn. (4.17)
(α′, β ′; t, γ′) . (4.42)
In MC ross setions expanded to NLO, 2→ 2 momenta (entering dσ¯ on the r.h.s.
of eqs. (4.39) and (4.40)) are obtained by means of a suitable projetion of the
orresponding 2→ 3 momenta. The exat form of the projetion is spei to the
parton shower MC mathed to the NLO omputation, and for HERWIG an be
worked out as was done in II. Here, we need to extend the formulae given in II, in
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(u, b; t, d) (d¯, b; t, u¯)
(u, b; t, d, g) +, f2(p1 ·k2); −, f1(p2 ·k1)
(d¯, b; t, u¯, g) +, f2(p1 ·k2); −, f1(p2 ·k1)
(u, g; t, d, b¯) −(p2 ·k1)
(g, b; t, d, u¯) +(p1 ·k2)
(d¯, g; t, u¯, b¯) −(p2 ·k1)
(g, b; t, u¯, d) +(p1 ·k2)
Table 4.3: As in table 4.1, for the t-hannel, with ub- and d¯b-initiated Born pro-
esses.
order to treat the ase of nal-state partons with unequal masses; expliit results
are given in appendix B.
As far as avour ombinations are onerned, it is simpler to read eqs. (4.39)
and (4.40) from right to left, sine this follows the logi whih forms the basis of
a parton shower. The MC starts with a Born-level (2→ 2 for single-t prodution)
proess, and then lets eah leg branh in all kinematially- and avour-allowed
ongurations possible. This implies that several 2 → 3 proesses may be gen-
erated starting from a given 2 → 2 proess. We list all suh proesses expliitly
in tables 4.14.3; the non-void entries give non-zero ontributions to eqn. (4.33).
Thus, the index µ that lassies the 2→ 3 partoni proesses an simply be ho-
sen so as to ount all of the quantities that appear in the rst olumns of the
tables. Parton legs where the branhings our are denoted by +, −, f1, and f2
(f1 always oinides with the top quark); given the parton that branhes, and the
hard subproess, a olour onnetion is established whih xes the shower sale E0
unambiguously. The shower sales to be used in eqs. (4.39) and (4.40) are equal
to the absolute values of the dot produts listed in tables 4.14.3. We nally point
out that the momentum assignments for the 2 → 3 proesses in the tables above
are the same as those adopted (after relabeling) in the ontext of the pure NLO
omputation. This puts the NLO and MC ross setions on the same footing from
a notational viewpoint, whih will be onvenient for the formal manipulations to
be arried out in the next setion.
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4.2 MCNLO























































































There is a minor dierene of notation with respet to eqn. (II.2.1): the indies for
the sum over all partoni proesses are denoted here by µ, onsistently with what
was done in set. 4.1.2. We refer the reader to I and II for all details relevant to
the formalism. Single-t prodution is the rst proess implemented in MCNLO
in whih both S(0)i and S(1)ij are non-zero for ertain i and j. This has diret
impliations for eqn. (4.43), whih we now disuss.
As shown in set. 4.1.2, for a given hoie of the index µ whih lassies the
partoni proesses the radiation pattern in the MC ross setion is determined
by the values of the indies L and l. On the other hand, the possible radiation
patterns at the NLO level are determined by the S(0)i and S(1)ij funtions. Inspetion
of set. 4.1.1 and of tables 4.14.3 shows that, for a given µ, there are at most one
S(0) and one S(1) funtions whih are non-vanishing. Formally, this orresponds
to dening two single-valued funtions i(µ) and j(µ) suh that S(0)i(µ) and S(1)i(µ)j(µ)
may be dierent from zero. This allows us to dene the following quantities
S(IN)µ = S(0)i(µ) , S(OUT)µ = S(1)i(µ)j(µ) , (4.44)
where the labels IN and OUT are to remind us that S(0)i and S(1)ij selet kinematis
ongurations relevant to initial- and nal-state ollinear emissions respetively.
Note that one of the funtions in eqn. (4.44) may be still be vanishing (whih
is the ase for S(1) in proesses (4.31) and (4.32)), but there annot be other
non-vanishing S funtions. In any ase, from eqs. (4.44) and (4.10) we obtain
S(IN)µ + S(OUT)µ = 1 ∀µ . (4.45)
Note that, sine we have exploited relabeling invariane to assign the four-momentum
k3 always to the FKS parton, we have i(µ) ≡ 3. Furthermore, sine the other mass-
less nal-state parton has four-momentum k2, we also have j(µ) ≡ 2. However,
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eqn. (4.44) holds independently of relabeling invariane. Furthermore, it is lear
that an analogous equation must hold for any kind of hard reation, and not




is proportional to the real-emission matrix elements (see




































3 ) of the
three-body phase spae dφ3, analogously to what is done in FKS in the ontext of
pure NLO omputations (see set. 4.1.1). Their expliit forms, whih are irrelevant
in what follows, will be given in app. C.
In eqn. (4.43) eah point (x1, x2, φ3) orresponds to a 2 → 3 kinemati on-
guration (alled H). In previous MCNLO implementations, a denite 2 → 2
onguration (alled S) was hosen given (x1, x2, φ3), aording to a mapping PH→S
whose form is ditated by HERWIG. The denition of suh an unique mapping re-
quires elaborate manipulations of the MC subtration terms sine, as shown in
eqn. (II.B.32) and eqn. (II.B.33), initial- and nal-state emissions would natu-
rally lead to the denitions of two dierent mappings P(IN)
H→S and P(OUT)H→S . Following
the same arguments as in app. B of II, we ould implement single-t prodution
using an unique PH→S; as disussed there, however, this may degrade the numeri-
al auray in the integration step and the unweighting eieny. Furthermore,
the two mappings P(IN)
H→S and P(OUT)H→S are a perfet math to the FKS phase-spae
partition, whih enters eqn. (4.43) through eqn. (4.47); the mapping P(IN)
H→S (P(OUT)H→S )




3 ). In pratie,
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whih replaes eqn. (I.4.25). It should be lear that eqs. (4.48)(4.51) are a di-
ret onsequene of the denition of MCNLO: in fat, eqn. (4.43) is reovered
by inserting F (3)
MC
on the r.h.s. of eqs. (4.48) and (4.50), and F (2)
MC
on the r.h.s. of
eqs. (4.49) and (4.51). We note that the Born (Σ
(b)
) and the soft-virtual (Σ
(sv)
) on-
tributions have been manipulated similarly to what was done for the real-emission
ontribution in eqn. (4.47); although stritly speaking this is not neessary, sine
these terms are nite and therefore not involved in any subtration, it helps to






. On the other









is assoiated with nal-state emissions. We have also intro-




2 , whih are
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whih is the analogue of eqn. (4.47) for MC subtration terms. The rst and
seond terms on the r.h.s. of eqn. (4.53) reeive ontributions from eqn. (4.39)
and (4.40) respetively (i.e. from initial-state and nal-state branhings). Tak-
ing into aount the properties of the MC subtration terms (see app. C), this
implies that eqs. (4.48)(4.51) are nite; in fat, nal-state singularities of real-
emission matrix elements and their orresponding ounterterms are removed in
eqs. (4.48) and (4.49) by S(IN), while initial-state singularities are removed in
eqs. (4.50) and (4.51) by S(OUT). Thus, the same proedure as in set. 4.5 of I
an be used in order to generate the hard events that are given to the parton
shower as initial onditions.
As a onluding remark, we point out that the reason why the subtration
formalism of refs. [17, 18℄ appears to be partiularly well suited for MCNLO
implementations an be read from eqs. (4.48)(4.51). The partition of the phase
spae into ollinear-like singular regions gives the FKS parton the same role as the
softest parton emitted by an MC in the rst branhing after the generation of the
hard proess. Sine as explained in I and II the rst branhing is the only one that
matters for mathing the MC with an NLO omputation, the FKS parton and the
softest parton emerging from the rst branhing in the shower are naturally paired
in the denition of MCNLO. Apart from guaranteeing the loal anellation of
IR singularities, suh pairing also allows a good ontrol on the numerial stability
of the result. It is also important to reall that, in eah of the IR singular regions
dened by the FKS partition, there are no unneessary NLO subtrations: the only
ounterterm ontributing to the result is that relevant to the real matrix element
singularity present in that given region. This fat is very beneial in reduing the
number of negative-weight events.
4.3 Results
In this setion we present sample results for single-t prodution at the Tevatron
with
√
S = 1.96 TeV. We limit ourselves here to omparing MCNLO preditions
with those obtained with HERWIG and with an NLO ode we have written a-
ording to the subtration method of refs. [17, 18℄, as disussed in set. 4.1.1. As
a preliminary step, we have heked that our NLO results (with µR = µF = mt)
for the total rate and various t and t¯ distributions are in exellent agreement with
those of MCFM [9℄. All of the preditions given in this setion have been obtained
by using the MRST2002 default PDF set [19℄, and by settingmt = 178 GeV, whih
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result in total rates equal to 1.045 pb and 0.406 pb for t- and s-hannel respe-
tively. We have resaled HERWIG results to the NLO ross setion, sine we are
only interested in the omparison of shapes in the ase of standard MC's. Also,
we have only onsidered here HERWIG results for the t-hannel ontribution. All
the MCNLO and HERWIG results (but not, of ourse, the NLO ones) inlude
the hadronization of the partons in the nal state; furthermore, we fored the W
emerging from the top deay to deay into a pair of leptons. In order to redue
as muh as possible the statistial errors, we have generated 5 · 105 events for eah
MCNLO and HERWIG run
5
. Finally, we stress that all of the xed-order pre-
ditions presented here will be denoted as having NLO auray, even in the ase
of observables whih, in the sense of perturbation theory, are eetively of leading
order (see e.g. p
(tj)
T below); this is onsistent with the terminology one needs to
adopt in the ontext of MCNLO (set. 2.3 of I).
Figure 4.5: Comparison of MCNLO (solid) and NLO (dotted) results. Left pane:
top pT, for t-hannel (higher peak) and s-hannel (lower peak) ontributions. We




T . Right pane: top (left) and antitop (right) η, for
t-hannel (higher urves) and s-hannel (lower urves) ontributions.
We start by onsidering the transverse momentum and pseudorapidity of the
top and antitop (see g. 4.5). We expet the impat of the momentum reshuing
that takes plae during the hadronization phase in MCNLO to be negligible on
suh observables. We also expet these observables, being suiently inlusive,
to be reliably predited by pure-NLO omputations. As we see from the gure,
the good agreement between MCNLO and NLO onrms our expetations, and
5
Clearly, we are not suggesting to ollet an integrated luminosity of O(1) ab−1 at the Teva-
tron. Here, we simply aim to expose the features of the two MC simulations with some preision.
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suggests that NNLO eets should be small. We have found that the HERWIG re-
sults are extremely lose to the MCNLO ones, and for this reason are not shown
on the plots. As for all other proesses previously studied, we have observed a
muh-improved behaviour from the numerial point of view when going from NLO
to MCNLO preditions, whih is due to the fat that in MCNLO all anel-
lations between large numbers our at the level of short-distane ross setions,
rather than in histograms as in the ase of NLO omputations. It is reassuring
to see that this property holds true also for single-t prodution, whih is the most
involved proess treated so far beause of the simultaneous presene of initial- and
nal-state ollinear singularities.
We now disuss the properties of a few jet observables. For the sake of larity,
we limit ourselves in this disussion to onsidering t-hannel top events. We reon-
strut the jets by means of the kT-lustering algorithm [20℄, with dcut = 100 GeV
2
.
We inlude in the lustering proedure all nal-state stable hadrons
6
and pho-
tons. After the jets are reonstruted, we throw away the one that ontains the
b-avoured hadron whose parent parton is the b quark emerging from top deay,
and order the remaining ones in transverse energy, i.e. the hardest jet is the one
with the largest ET.
Figure 4.6: MCNLO (solid), HERWIG (dashed), and NLO (dotted) results, for
the pT of the hardest jet (left pane), and the pT relative to the axis of the hardest
jet of those hadrons or partons in that jet (right pane).
We reall that we do not let the top deay in our pure-NLO omputation.
Also, we expet that some of the partons resulting from the radiation by the b
quark emerging from the top deay in MCNLO and HERWIG will hadronize into
6
For the sake of simpliity, we fore pi0's and all lowest-lying b-avoured states to be stable
in HERWIG.
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hadrons that are not lustered into the b-jet whih we throw away. Furthermore,
some extra radiation will our from the top line due to showering, whih is not
inluded in the NLO omputation. Finally, those jets obtained with MCNLO and
HERWIG are at the hadron level, while those obtained with the NLO omputation
are at the parton level.
In spite of these dierenes, there is a good agreement between MCNLO,
HERWIG, and NLO for the pT of the hardest jet, shown in the left pane of g. 4.6.
This observable is suiently inlusive for this to happen, and the small dierenes
between MCNLO and NLO at small pT are mainly due to the hadronization
phase. On the other hand, the internal struture of the jet is very dierent in
MCNLO and HERWIG from that resulting from the NLO omputation. In the
right pane of g. 4.6 we present the transverse momentum, relative to the axis of
the jet, of all of the hadrons or partons lustered into the jet itself. At the NLO,
the jet often oinides with a single parton, hene the sharp peak at p
(h)
Trel = 0. Suh
a peak is muh less pronouned in the ase of the MC's, sine in those ases the
jet almost never oinides with a single hadron. On the other hand, at large p
(h)
Trel
the MC results are smaller than the NLO one: this must be so, sine in the nal
states obtained with MC simulations it is likely that a large-p
(h)
Trel hadron will be
lustered into another jet. This is muh less probable at the NLO, simply beause
the number of jets there is limited to two. It is also interesting to observe that,
although very small, the eet of the hard emissions due to the NLO real matrix
elements is visible in the tail of the p
(h)
Trel distribution, the MCNLO result being
slightly harder than the HERWIG one.
Figure 4.7: As in g. 4.6, for the pT of the two-hardest-jet pair (left pane), and for
the number of jets (right pane).
The dierenes between the topologies of the nal states emerging from NLO
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omputations and MCNLO and HERWIG simulations are learly visible when we
onsider observables less inlusive than the pT of the hardest jet. In the left pane
of g. 4.7 we plot the pT of the pair of the two hardest jets. As is lear from the
fat that MCNLO and HERWIG have very similar shapes, whih are dierent
from the NLO one, the real matrix elements play a minor role here ompared to
the multiple emissions of the shower. The eets of the real matrix elements are
more learly visible in the tail of the distribution in the number of nal-state jets
(right pane of g. 4.7), with MCNLO prediting more events with more than two
jets ompared to HERWIG.
Figure 4.8: As in g. 4.6, for the azimuthal dierene between (left pane), and the
pT of (right pane) the top-hardest jet pair.
It is also interesting to observe that shower eets dominate over matrix ele-
ment ones for top-hardest jet orrelations, two of whih we present in g. 4.8. We
stress again here that we did not make any systemati attempt to exlude from the
jet lustering the partons radiated by the top and its deay produts, whih would
allow a loser mathing between MC's and NLO results for these orrelations. This
is very learly shown by the left pane of g. 4.8, whih presents the dierene in
azimuth between the top and the hardest jet. While the NLO predition is zero
for ∆φ(tj) < π/2 for kinematis reasons (there is nothing in this region for the
top-hardest jet pair to reoil against), MCNLO and HERWIG feature a long tail
whih extends down to ∆φ(tj) = 0. This is in part due to the fat that the top
tends to have a muh larger longitudinal than transverse momentum omponent.
Thus, it is relatively easy for a parton, radiated by the top quark shower, to hange
the top transverse momentum by a sizable amount. The ∆φ(tj) = 0 tail is mainly
populated by suh low-p
(t)
T events. In the right pane of g. 4.8 we present the pT
of the top-hardest jet pair. At the NLO level, only 2→ 3 proesses an ontribute
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to the region p
(tj)
T 6= 0, in the ongurations in whih the two nal-state massless
partons are not ombined into a single jet; for this to happen, the two partons
must be well separated. Clearly, suh ongurations imply the presene of a very
o-shell intermediate partile, and are thus disfavoured by matrix elements: the
p
(tj)
T distribution is steeply falling. In MCNLO and HERWIG, 2 → 3 ongura-
tions result from a 2→ 2 hard proess followed by a parton branhing7. Sine the
branhing is ollinear in nature, the probability of getting two well-separated par-
tons is even smaller than in NLO omputations. However, the shower usually does
not stop after the rst branhing. Furthermore, all strongly-interating partiles,
inluding the top and the b emerging from the top deay, an radiate. This smears
very eetively the nal-state momenta; we have veried that, in the large-p
(tj)
T
region, the hardest jet may retain a fration of the parent parton momentum as
small as 50%. This reates an imbalane between the top and the hardest-jet pT
whih results in the muh harder p
(tj)
T tails in MCNLO and HERWIG relative to
the NLO result. It should be stressed that suh an eet is magnied by the steep-
ness of the p
(tj)
T distribution. In terms of the total number of events, this is still
a marginal phenomenon, whih gives a negligible ontribution to observables suh
as the inlusive pT of the hardest jet. We onlude by observing again that the
real matrix elements ontributions are small but visible in the dierenes between
MCNLO and HERWIG in the intermediate ∆φ(tj) and large-p
(tj)
T regions.
The results presented so far have shown little or no dierene between MCNLO
and HERWIG results as far as shapes are onerned. Although larger dierenes
ould be seen by imposing hard transverse momentum uts, the fat remains that
at the Tevatron the phase-spae for hard radiation is fairly limited. There are,
however, observables that are partiularly sensitive to real matrix element eets,
suh as the transverse momentum of the b-avoured hadrons8, whih we present
in g. 4.9. This is beause in t-hannel matrix elements a b quark is almost al-
ways present in the initial state (up to CKM-suppressed ontributions). This
results in a nal-state b-avoured hadron whih, in the ase of HERWIG, aquires
its transverse momentum entirely through the bakward evolution in the shower
mehanism. Suh a mehanism is also present in MCNLO, but there are also
NLO real matrix elements in whih a b quark has a large pT, whih is inherited by
the resulting b-avoured hadron, and whih explains the dierene in the large-p
(B)
T
tail between MCNLO and HERWIG
9
.
We onlude this setion by mentioning the fat that we observe no dependene
7
In MCNLO, there are also 2 → 3 hard proesses, whose matrix elements are the same as
those of the NLO omputation.
8b-avoured hadrons from top deay are not inluded in this plot.
9
For tehnial reasons, g. 4.9 has been obtained by imposing
∣∣y(B)∣∣ < 3. This ut has no
impat for p
(B)
T > 10 GeV.
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Figure 4.9: MCNLO (solid) and HERWIG (dashed) results for the pT of the
b-avoured hadrons (exept those from top deay).
(within the statistial auray of the runs we performed) of the physial results
upon the unphysial parameters whih enter the NLO subtration formalism, suh
as the subtration parameters introdued in refs. [17, 18℄, or the exponent a in-
trodued in eqs. (4.19) and (4.20). This onstitutes a test of the orretness of
our implementation, sine NLO results based on subtration tehniques are by
onstrution independent of these parameters. Similarly, no dependene has been
found on the parameters α and β introdued in eqn. (I.A.86) and eqn. (I.A.87)
whih ontrol the behaviour of the MC subtration terms in the soft limit, if they
are restrited to their natural ranges (α = O(1), β = O(0.1)). This is as expeted,
sine variation of these parameters gives only power-suppressed eets. On the
other hand, all of the above parameters do aet the number of negative-weight
events, and their tuning an be used to limit the presene of suh events (whose
fration is equal to about 15% in the results presented here). The parameter a has
only a limited impat on the number of negative weights (whih hange by about
1% for 1 ≤ a ≤ 4), and its hoie is mainly due to onsiderations of stability of the
numerial integration, with best results for a = 2. In general, the auray of the
preditions obtained with values of a larger than 2 (slowly) dereases with inreas-
ing a. Sine the limit a → ∞ orresponds to the Θ-based implementation of the
subtration formalism, this indiretly proves that the implementation introdued
in this hapter is more onvenient from the numerial point of view.
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4.4 Conlusions
In this hapter we have onsidered single-top hadroprodution in the ontext of
the MCNLO approah. This ase is, apart from its phenomenologial relevane,
also interesting from the tehnial point of view, sine it features both initial- and
nal-state ollinear singularities, and thus has a radiation pattern dierent from
that of all of the proesses so far inluded in MCNLO.
We have shown that this is not a diulty of priniple, sine the MCNLO
formalism is unhanged with respet to its denition given in ref. [14℄, but it entails
a more involved proedure in the generation of the hard events that are given to
the parton shower as initial onditions. Beause this proedure is not spei to
single-top hadroprodution, and sine we have now treated all possible radiation
patterns in MCNLO, we are now in a position to inlude any new proess, suh
as jet prodution, without the need of performing further analytial omputations.
As in previous ases, our omputation is based on the universal subtration for-
malism of refs. [17, 18℄. We have used single-top hadroprodution as a test ase,
to explore an implementation of the subtration dierent from that of the original
papers. The partition of the phase spae is now ahieved by means of smooth
funtions of invariants, rather than with Θ funtions as was done previously. This
does not entail any hange in the analytial formulae, but helps to improve the
behaviour of the numerial omputations. There is also a oneptual dierene,
namely that the infrared singularities are now disentangled by means of damp-
ing fators, rather than by non-overlapping regions dened by the phase-spae
partition. This in turn may lead to the possibility of implementing alternative
subtration shemes, although new analytial omputations would be required in
suh a ase.
We have not explored in this hapter the phenomenologial impliations of the
work presented.
The phenomenologial studies, as well as the implementation of the Wt mode and
spin orrelations, are dealt with in the sueeding hapters.
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Angular orrelations in Monte Carlo
simulations
Aurate preditions for the spetra of the leptons emerging from deays of vetor
bosons or top quarks are important for a variety of studies at hadron olliders,
suh as aeptane omputations, tests of QCD, and searhes for new physis.
Theoretial omputations should be based on all Feynman diagrams in whih the
orresponding leptons are external legs. In general, not all suh diagrams are reso-
nant diagrams, i.e. those in whih the leptons diretly emerge from a vetor boson
propagator (whih, in the ase of top deays, in turn is diretly onneted to the
top quark via a Wtb vertex). Usually, however, preditions based on omputa-
tions that retain only the resonant diagrams are exellent approximations to those
based on the fuller set of diagrams, owing to the rather narrow widths of the vetor
bosons and top quarks; the more so in the presene of nal-state uts whih are
designed to enhane on-shell ontributions.
A further approximation an be made, whih we all the deay hain approx-
imation: resonant diagrams are replaed by diagrams relevant to the prodution
of on-shell vetor bosons or top quarks, times the diagrams orresponding to the
matrix elements for the deays. In this way, o-shell eets are lost, but they
an be reovered to some auray by reweighting the results of the deay hain
approximation by a Breit-Wigner funtion. There is another piee of information
that is lost in the deay hain approximation, and annot be reovered, namely
that on prodution angular orrelations (more preisely, angular orrelations due
to prodution spin orrelations). Let us denote by P the deaying partile (a ve-
tor boson or a top in our ase), and by d1, . . ., dn its deay produts, and onsider
the hard proess
a+ b −→ P (−→ d1 + · · ·+ dn) +X , (5.1)
with X a set of nal-state partiles whih may also ontain other deaying vetor
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bosons or top quarks. The proess of eqn. (5.1) is said to have deay angular or-
relations if the matrix elements of the orresponding resonant Feynman diagrams
have a non-trivial dependene
1
on (di ·dj). Clearly, deay orrelations are always
present if the partile P has spin dierent from zero. The proess of eqn. (5.1)
has prodution angular orrelations if its matrix elements have a non-trivial de-
pendene on (di ·a), (di ·b), or (di ·X). It is therefore lear that the deay hain
approximation an aount for the deay orrelations, but not for the prodution
orrelations.
The deay hain approximation has obvious advantages, leading to muh sim-
pler omputations (espeially at higher orders) owing to the redued multipliity
of the nal state. Still, it is not aeptable if the spetra of the deay produts
must be predited with some auray. The aim in this hapter is to introdue
an approah to the omputations of lepton spetra as given by resonant diagrams,
whih uses the deay hain approximation but also orretly aounts for produ-
tion angular orrelations. The method is primarily intended to be applied to parton
shower Monte Carlos, inluding those that implement NLO QCD orretions suh
as MCNLO [1, 2℄ or POWHEG [3℄. The idea stems from the following obser-
vation: the matrix elements omputed with the resonant diagrams are bounded
from above by the matrix elements obtained by eliminating the deay produts
and putting the parent partiles (vetor bosons and/or top quarks) on-shell, times
a proess-independent onstant. One an therefore use the latter matrix elements
(whih we all undeayed matrix elements) to perform omputing-intensive tasks
for whih prodution orrelations are not an issue. When the four-momenta of the
parent partiles are available, the resonant diagrams (we refer to the orresponding
matrix elements as leptoni ones) are used in the ontext of a simple hit-and-miss
proedure to generate the leptoni four-momenta.
In order to apply a hit-and-miss proedure, we need upper bounds on the
deay matrix elements that are universal with respet to the prodution proess.
These are derived in the following setion, rst for vetor boson, then for top
quark deay, and nally for nal states ontaining several vetor bosons and/or
top quarks. The pratial appliation of these results is disussed in setion 5.2.
The inlusion of angular orrelations in NLO omputations is hampered by the
presene of virtual orretions and the neessity for subtration terms, whih mean
that one has to deal with expressions that are not simply matrix elements squared,
and therefore are not neessarily positive-denite. This implies that the sheme
we propose here is suh that angular orrelations are not aurate to NLO in the
whole phase spae, but are orret to NLO for hard real emissions and to LO
in soft and ollinear regions. Obviously, one an implement angular orrelations
exatly to NLO auray by using lepton matrix elements in all the steps of the
1
We denote here a partile and its four-momentum by the same symbol.
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omputation. In this thesis, however, we are solely interested in the deay hain
approximation. Illustrative results of our approah, obtained with MCNLO, are
presented in setion 5.3, followed by our onlusions in setion 5.4. An appendix
presents an alternative derivation of the upper bound for vetor boson deay, whih
may larify some of the assumptions involved.
5.1 Upper bounds for the leptoni matrix elements
In this setion, we derive the universal fators that, when multiplied by the un-
deayed matrix elements, give an upper bound for the leptoni matrix elements.
After introduing some notation, we shall treat the ases of the vetor bosons and
of the top quarks in turn.
5.1.1 Notations
We shall always denote by
V −→ ll¯ (5.2)
the deay of the vetor boson V ≡ W or Z into a lepton-antilepton pair, whih
means that in the ase ofW deay l¯ is not the antipartile of l. In our onventions,
the V ll¯ vertex is











, VWl = 1, AWl = 1. (5.5)
We shall onsider the proess
a(P1) + b(P2) −→ V1(q1) + . . .+ Vn(qn) +X(x) (5.6)
−→ l1(k1) + l¯1(k2) + . . .+ ln(k2n−1) + l¯n(k2n) +X(x), (5.7)
where
qi = k2i−1 + k2i , (5.8)
and X olletively denotes any partiles not originating from a vetor boson deay.
It is partiularly onvenient to write the phase spae of the nal-state partiles of
eqn. (5.7) as follows
dΦ2n+1⋆(P1 + P2; k1, . . . , k2n, x) =
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As the notation 1⋆ suggests, we treat the partiles X as a single partile with
mass-squared x2 and four-momentum x, sine the individual four-momenta of the
partiles X are irrelevant in what follows. On the r.h.s. of eqn. (5.9), the two-body
phase spaes aount for the deays
Vi(qi) −→ li(k2i−1) + l¯i(k2i). (5.10)
The fatorization formula of eqn. (5.9) is exat: the vetor bosons are o-shell,
and their virtualities q2i (i.e., the invariant masses of the lepton pairs) are expliitly
integrated over. This deomposition has an obvious physial interpretation in the
ontext of resonant diagrams.
In the ase of proesses involving top quarks, we shall deal with
a(P1) + b(P2) −→ t1(p1) + . . .+ tn(pn) +X(x) (5.11)
−→ W1(q1) + b1(r1) + . . .+Wn(qn) + bn(rn) +X(x) (5.12)
−→ l1(k1) + ν1(k2) + b1(r1) + . . .+ ln(k2n−1) + νn(k2n) + bn(rn)
+X(x) , (5.13)
where t an be either a top or an antitop. As in eqn. (5.9), we an also write the
exat phase-spae fatorization
dΦ3n+1⋆(P1 + P2; k1, . . . , k2n, r1, . . . , rn, x) =
dΦn+1⋆(P1 + P2; p1, . . . , pn, x)
n∏
i=1




with the three-body phase spaes on the r.h.s. aounting for the deays
ti(pi) −→ Wi(qi) + bi(ri) −→ li(k2i−1) + νi(k2i) + bi(ri). (5.15)
5.1.2 Vetor boson deay
We start by onsidering the prodution of one ll¯ pair, and we neglet the Z/γ
interferene. The amplitude for the proess in eqn. (5.7) with n = 1 is
A = Mµ
i





u¯(k1)(−iFV )γν (VV l −AV lγ5) v(k2) ,
(5.16)
where mV and ΓV are the mass and the width of the vetor boson respetively,
and Mµ is the amplitude for the proess
a(P1) + b(P2) −→ V (q) +X(x) , (5.17)
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µ being the Lorentz index assoiated with V ; the polarization four-vetor of V is
not inluded in Mµ. From eqn. (5.16) we get (negleting lepton masses)∑
spins
|A|2 = MµM∗ρ (−gµν + qµqν/m
2
V ) (−gρσ + qρqσ/m2V )
(q2 −m2V )2 + (mV ΓV )2
× F 2V Tr
[(
V 2V l + A
2







We now onsider the narrow width approximation ΓV → 0. We have
1





































whih is the amplitude for the proess of eqn. (5.17) for a given vetor boson





V 2V l + A
2







whih is, apart from the normalization, the deay density matrix
2
of the vetor
boson. This quantity an be expliitly omputed; here, we only present it in the












0, (VV l −AV l)2, (VV l + AV l)2
)
. (5.25)

























dΦ1+1⋆(P1 + P2; q, x) dΦ2(q; k1, k2) . (5.26)
2
The density matrix is usually dened as the transpose of that in eqn. (5.23). See e.g. ref. [4℄.
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Owing to the hermitiity properties of the density matries, and to the expliit
form of eqn. (5.25), eqn. (5.26) is a positive-denite quadrati form in the spae










) |M˜ |2 1
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with q2 = m2V . Eqn. (5.27) annot be used as an upper bound for the matrix
element of the proess (5.7), sine the measures on the two sides are dierent.







(q2 −m2V )2 + (mV ΓV )2
(5.29)








V (VV l + AV l)
2 , (5.30)











V (VV l + AV l)
2




whih stritly speaking holds only when q2 = m2V , sine all results in this setion
are formally derived in the limit ΓV → 0. More details on this, and the reason
for keeping a formal dependene on q2 in eqn. (5.31), will be given in appendix D.
Eqn. (5.31) is the main result of this setion. It states that, in the narrow width
approximation, the lepton-pair ross setion has an upper bound, whih is a uni-






|M˜ |2 . (5.32)
5.1.3 Top deay
Here, we onsider the deay of a top quark
t(p) −→ W+(q) + b(r) −→ l+(k1) + ν(k2) + b(r); (5.33)
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the treatment of the deay of an antitop is fully analogous. Other top quarks may
be present in the nal state, but their deays are of no interest for the moment,







p2 −m2t + imtΓt
M
× −gµν + qµqν/m
2
W






γν(1− γ5)v(k1) , (5.34)
where M is the amplitude for the proess
a(P1) + b(P2) −→ t(p) +X(x) , (5.35)
exept for a spinor u¯(p), whih is not inluded. Therefore, M = Γu(K), with Γ a
ombination of γ matries, and K the four-momentum of a fermion entering the







(p2 −m2t )2 + (mtΓt)2
1
(q2 −m2W )2 + (mWΓW )2
× u¯(r)γµ(1− γ5) (/p+mt)MM∗γ0 (/p+mt) (1 + γ5)γρu(r)
× u¯(k2)γµ(1− γ5)v(k1)v¯(k1)(1 + γ5)γρu(k2) . (5.36)
Following what was done in eqn. (5.18), we now onsider eqn. (5.36) in the narrow
width approximation Γt → 0, i.e. we make the replaement
1














whih in turn suggests introduing the quantity
M˜λ = u¯λ(p)M =⇒ M˜∗λ = M∗γ0uλ(p), (5.39)
whih is the analogue of eqn. (5.22), and is the amplitude for the proess of
eqn. (5.35) for a given top polarization λ. Upon summing over the spins of the nal-
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(q2 −m2W )2 + (mWΓW )2
Tr[(1− γ5)/k2γµ/k1γρ]
× u¯λ′(p)(1 + γ5)γρ/rγµuλ(p) . (5.41)
This is the deay density matrix for the top quark, the analogue of eqn. (5.23). We
an now proeed exatly as was done in set. 5.1.2, and therefore we must ompute
the deay density matrix, diagonalize it, and nd the largest of the matrix elements





(q2 −m2W )2 + (mWΓW )2
(r·k2)(p·k1) diag(0, 1) . (5.42)
Using eqn. (5.42) and reinstating the integral in dp2 using the analogue of eqn. (5.29),










(q2 −m2W )2 + (mWΓW )2
)(





whih stritly speaking holds only when p2 = m2t . Eqn. (5.43) is the analogue
of eqn. (5.31), and expresses the upper bound on the matrix elements for the







|M˜ |2 . (5.44)
In ontrast to eqn. (5.31), the bound of eqn. (5.43) is not a onstant over the
phase spae of the partiles emerging from top deay, beause of its dependene
on (r ·k2) and (p ·k1). This helps to inrease the eieny of event generation
in the ontext of an unweighting proedure, but in order to avoid any biases the
phase-spae must be sampled in suh a way as to reprodue exatly the q2-, (r·k2)-,
and (p·k1)-dependenes of the bound. An alternative approah is that of nding
a onstant larger than or equal to the bound, whih an be done by nding the
maximum of the ombination of dot produts
D = (r·k2)(p·k1) . (5.45)
Using the top rest frame to perform the relevant omputations, it is a matter of
simple algebra to obtain










< q2 ≤ m2t .
(5.46)
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Note that m4t/16 ≥ q2(m2t − q2)/4 in the whole q2 range, and therefore one an
always set Dmax = m
4
t/16; this is seen to lead to a very marginal degradation of






(q2 −m2W )2 + (mWΓW )2
)(





It is easy to generalize the formulae derived in the previous setions to the ases
in whih one is interested in the deay produts of several vetor bosons and/or
top quarks. Consider for example the proess of eqn. (5.7). An equation idential
to eqn. (5.16) holds, with the formal replaements
Mµ −→ Mµ1...µn , (5.48)
−gµν + qµqν/m2V





q2i −m2Vi + imViΓVi
, (5.49)
FV u¯(k1)γ




ν (VVili − AViliγ5) v(k2i) .(5.50)






M˜U1 . . . Un
)
λ1...λn










whih results from the simultaneous diagonalization of the spin density matries
of the n vetor bosons. This allows one to use eqn. (5.30), and to proeed as in

















where dσV1...Vn is the ross setion for the proess of eqn. (5.6), all the vetor bosons
being on-shell.
Along the same lines, eqn. (5.47) an immediately be generalized to the ase
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Obviously, eqs. (5.52) and (5.53) an be ombined for the simultaneous presene
of vetor bosons and top quarks in the nal state.
5.2 Angular orrelations in MCNLO
As mentioned in the introdution, the straightforward way to predit orretly
all features of lepton spetra is to inlude in the omputation the leptoni matrix
elements, for example as done in MCNLO version 3.3 [5℄ for the ases of single-V
or VH prodution, or in refs. [6, 7℄ for the ase of top quark deay in parton-level
pure NLO omputations. We remind the reader that, in the ontext of MCNLO,
parton-level ross setions (whih are obtained by suitably modifying those whih
enter pure-NLO omputations) are rst integrated over the phase spae of the
nal-state partiles. The information gathered in this integration step is then
used in the event-generation step, whose aim is that of obtaining a set of kinemati
ongurations (the hard events), whih are subsequently showered by the parton
shower Monte Carlo. We also point out that the same integration-and-generation
struture is used by POWHEG (although the ross setions integrated in the two
formalisms are not the same). The integration time inreases rapidly with the
number of nal-state partiles; there is a orresponding derease in the eieny
of the generation of hard events. This is the reason why it is interesting to nd
alternative ways to predit angular orrelations in large-multipliity proesses.
We stress that in priniple, the implementation in MCNLO (or POWHEG) of a
proess with orret angular orrelations is idential to that of the same proess
without suh orrelations. The problem is a pratial one, namely that prodution
angular orrelations require the knowledge of the lepton matrix elements, and the
inreased multipliity with respet to the undeayed matrix elements entails loss
of auray and generation eieny.
The strategy proposed here starts with the following steps.
1. Integrate the undeayed matrix elements.
2. Generate hard events using the results of the previous step; thus, vetors
bosons and/or top quarks will be present in the nal state, but not their
deay produts.
3. For eah hard event, generate (massless) lepton (and b quark, in the ase of
top deays) four-momenta, uniformly within the deay phase spae(s) of the
orresponding parent partile(s).
4. Compute the lepton matrix element using the four-momenta obtained in step
3, and the undeayed matrix element using the four-momenta obtained in
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step 2. Generate a at random number r. If the lepton matrix element,
divided by its upper bound as given in eqs. (5.52) and (5.53), is smaller than
r, throw the lepton four-momenta away, and return to step 3.
5. Otherwise, replae the vetor bosons and top quarks by the set of their deay
produts. The resulting kinemati onguration is the leptoni hard event
that an be showered by the Monte Carlo.
Steps 3 to 5 onstitute a standard hit-and-miss proedure, whih guarantees that
the lepton spetra reonstruted with the four-momenta of the leptoni hard event
(and subsequent shower) will be idential to those omputed by a diret integration
of the leptoni matrix elements.
It is lear that the integration step will be greatly simplied by this proedure:
the number of phase-spae variables relevant to the undeayed proesses (5.6)
and (5.11) is nU = 3(n + nX) − 4, whereas nV = 3(2n + nX) − 4 and nt =
3(3n + nX)− 4 for leptoni proesses (5.7) and (5.13) respetively. On the other
hand, one may doubt that the eieny for produing leptoni hard events is larger
than in the ase of a straightforward integration of the leptoni matrix elements. In
fat, the adaptive integration performed in step 1 will only give information on the
nU degrees of freedom of the undeayed proesses. However, using the phase-spae
deompositions of eqs. (5.9) and (5.14), one assoiates the extra nV − nU = 3n
and nt − nU = 6n degrees of freedom with the deay phase spaes. Sine we
are onsidering here only resonant diagrams, the leptoni matrix elements will be
fairly smooth in these extra 3n and 6n degrees of freedom, if the parametrizations
of the deay phase spaes are properly hosen (the obvious hoie of using the
rest frame of the deaying partiles is also an optimal hoie from this point of
view). Therefore, all of the ompliations due to the presene of several peaks
in the matrix elements are dealt with in step 2. The unweighting performed in
step 4 does not require any sophistiated numerial approah (i.e., a preliminary
adaptive integration is not neessary) in order to ahieve a satisfatory eieny.
For the proedure as outlined above to work, it is ruial that the leptoni
matrix elements an be bounded from above by the undeayed matrix elements.
In the derivations of set. 5.1 we have assumed that the density matrix is positive
denite, whih is the ase, and that the matrix elements involved an be expressed
as the modulus squared of an amplitude. This is ertainly the ase in the ontext of
a tree-level omputation, but it is not true for all the ontributions to an NLO ross
setion. In partiular, the interferene between virtual and Born amplitudes is not
positive-denite in general. The modied subtration proedure [1℄ introdued
in the MCNLO formalism also implies the presene of a seond quantity whih
is possibly not positive-denite, namely the dierene between the real matrix
elements and the MC subtration terms. The presene of non-positive-denite
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ontributions is what prevents one from inluding angular orrelations exatly to
NLO auray in the ontext of the deay hain approximation, as antiipated in
the beginning of the hapter.
Before proeeding, we remind the reader that there are two lasses of MCNLO
hard events, dened aording to their kinematis: S (H) events have the same
number of initial- and nal-state partiles as Born (real-emission) ontributions.
Thus, the number of nal-state partiles of H events is equal to that of S events,
plus one. For example, inW+W− prodution (eqn. (5.6)) we have (n, nX) = (2, 0)
for S events, and (n, nX) = (2, 1) for H events. In tt¯ and single-top prodution
(eqn. (5.11)), we have (n, nX) = (2, 0) and (n, nX) = (1, 1) for S events, and
(n, nX) = (2, 1) and (n, nX) = (1, 2) for H events respetively. POWHEG (and,
for that matter, any NLO omputation) also outputs S and H events.
We now extend the proedure proposed in points 1 to 5 above to the ase of
NLO omputations mathed to parton shower simulations, as follows:
• Steps 1 and 2 are unhanged.
• For eah S event, go through steps 3 to 5, using Born-level results to ompute
lepton matrix elements and their upper bounds.
• For eah H event, ompute a quantity G(H) as explained below and generate
a random number r′. If r′ ≤ G(H), go through steps 3 to 5, using real-
emission results to ompute lepton matrix elements and their upper bounds.
If r′> G(H), dene an S-type event with the projetion PH→S(H), and pro-
eed as explained for S events above.
The denition of a map PH→S is a neessary ondition for the mathing between
NLO results and parton shower simulations: for more details see e.g. refs. [2, 8℄.
This implies that suh a map need not be dened speially for the purpose of
inluding angular orrelations into MCNLO or POWHEG. The quantity G is a
largely arbitrary smooth and ontinuous funtion, that assumes values between 0
and 1, and tends to 0 (1) in the soft/ollinear (hard-emission) regions. The role
of G is simply to avoid omputing real-emission matrix elements in the phase-
spae regions where they diverge. In the ontext of MCNLO, funtions with
the same behaviour as G need be introdued in order to ensure loal anellation
between real matrix elements and MC ounterterms (see e.g. app. A.5 of ref. [1℄
and app. B of ref. [2℄), and one obvious hoie is that of setting G equal to one of
these funtions (or to a ombination of them).
It should be lear that the proposal made here aounts for angular orrelations
to LO auray lose to the soft and ollinear regions, sine there G(H) ≃ 0, and
therefore H events are projeted onto S events, for whih we only onsider the
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Born matrix elements in the hit-and-miss proedure
3
. On the other hand, in the
hard emission region only real orretions ontribute to the ross setion, and thus
angular orrelations are inluded exatly to NLO auray
4
. Angular orrelations
resulting from an MC mathed to an NLO omputation and implementing the
method proposed here have therefore the same or a better auray than LO-
based Monte Carlos. We also stress that angular orrelations are atually fairly
lose to those omputed exatly to NLO, for two reasons. First, NLO orretions
to spin orrelations are generally small. Seond, although virtual orretions and
subtrated terms are not positive denite, their angular orrelations arising from
the ontributions (if any) that are proportional to the Born matrix elements an
be inluded exatly in the omputation following the method proposed here, sine
both sides of eqs. (5.52) and (5.53) then get multiplied by the same fator.
5.3 Results
The approah desribed in the previous setion has been adopted to inlude pro-
dution angular orrelations in MCNLO in the ases ofW+W− prodution (sine
version 3.1) and of tt¯ and single-t prodution (sine version 3.3). In this setion
we present sample results for tt¯ and single-t prodution, at the LHC (pp ollisions
at
√
S = 14 TeV) and at the Tevatron run II (pp¯ ollisions at
√
S = 1.96 TeV). All
the preditions given in this setion have been obtained by using the MRST2002
default PDF set [9℄, and by setting mt = 175 GeV and Γt = 1.7 GeV. In the ase
of single-t prodution, we also reonstrut the aompanying jets, by means of the
kT-lustering algorithm [10℄, with dcut = 100 GeV
2
. We inlude in the lustering
proedure all nal-state stable hadrons and photons. For the sake of simpliity,
we fore π0's and all lowest-lying b-avoured states to be stable in HERWIG. The
jets are ordered in transverse momentum.
We begin by onsidering tt¯ prodution. We have studied, at the Tevatron and
at the LHC, single-inlusive pT and rapidity spetra of the t and t¯ deay produts,
and the orrelations in transverse momentum, ∆φ, and invariant mass of the bb¯,
l+l−, bl−, b¯l+, bν¯, and b¯ν pairs. We have found that angular orrelations have
an almost negligible impat. We present in g. 5.1 the only two observables for
whih these orrelations have a visible eet, albeit barely so for pT(l
+l−). On
the other hand, angular orrelations are an important ingredient for the orret
predition of ∆φ(l+l−), as shown in the right pane of g. 5.1. It is interesting that
about 30% of the dierene between the LO predition without angular orrelations
(dashed histogram  HERWIG) and the NLO predition with angular orrelations
3
We remind the reader that the full NLO undeayed matrix elements are used in steps 1 and
2.
4
One should bear in mind that radiation from the deay produts is not inluded here.
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Figure 5.1: Transverse momentum of the lepton pair (left pane), and dierene in
azimuthal angle between the leptons (right pane), in tt¯ prodution at the LHC.
HERWIG results have been resaled (by 0.3 on the left, and by the fator K =
σNLO/σLO on the right).
(solid histogram, overlayed with open irles  MCNLO) is due to beyond-LO
orretions.
It is possible to speially design observables whih would be trivial if angu-
lar orrelations were negleted. Typially, suh observables are angular variables
onstruted with the deay produts of the top quarks, and measured in the rest
frames of the parent partile. We have onsidered the distributions in cos θ1, cos θ2,
and cosφ, as dened in ref. [11℄; in partiular, φ is the angle between the diretion
of ight of l+ and the diretion of ight of l−. The diretions of ight are dened in
the t and t¯ rest frames respetively (see ref. [11℄ for more details). Results for cosφ
are presented in g. 5.2 for the Tevatron (left pane) and the LHC (right pane).
Just as for ∆φ(l+l−), beyond-LO ontributions are not negligible, and they tend
to deplete (at the Tevatron) or to enhane (at the LHC) the LO preditions for
the cosφ asymmetry. This behaviour is also found in the pure-NLO, parton-level
study of ref. [11℄. We have veried that, by negleting angular orrelations, the
ross setion depends trivially on θ1, θ2 and φ.
Finally, we examine distributions for single-top prodution at the Tevatron.
Beause both prodution and deay our through the left-handed harged ur-
rent interation, one expets stronger prodution angular orrelations than in top
quark pair prodution. Indeed, angular orrelation eets are learly visible in the
single-inlusive spetra of the top deay produts. As in the ase of tt¯ produ-
tion, it is possible to study angular orrelations more diretly by hoosing spei
observables. These observables always involve the denition of a spin basis that
leads to nearly 100% orrelation between the diretion of the harged lepton from
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Figure 5.2: Opening angle distributions, as dened in the text, for tt¯ prodution
at the Tevatron (left pane) and at the LHC (right pane). HERWIG results have
been resaled by the K fator. The orresponding urves obtained by negleting
angular orrelations are at, and are not shown in the gure.
top deay and another experimentally-denable, hannel-dependent diretion [12℄.
For both s- and t-hannel proesses the optimal spin quantization axis lies, in the
top quark rest frame, along the down-type quark attahed to the vertex onneted
via a W -boson to the top quark produing vertex. At LO that orresponds for
the s hannel to the beam-diretion, while for the t hannel this is most often the
diretion of the light quark jet against whih the top quark reoils.
Aordingly, we present in the left pane of g. 5.3 the distribution in the osine
of the angle θ, dened as the angle between the diretion of ight of the lepton
emerging from top deay, and the axis of the hardest jet whih does not ontain a
stable b-avoured hadron; the angle is dened in the rest frame of the top quark.
This distribution has been shown in ref. [13℄ at tree level, and in ref. [14℄ at NLO
using MCFM [6℄. We have applied similar uts as those in ref. [13℄, namely we
required the deay produts of the top to have
pT(b) ≥ 20 GeV , |η(b)| ≤ 2 , (5.54)
pT(l) ≥ 10 GeV , |η(l)| ≤ 2.5 , (5.55)
pT(ν) ≥ 20 GeV . (5.56)
We also require the hardest light jet to have transverse momentum larger than 20
GeV, and |η(j)| ≤ 2.5. In this way, we obtain A = −0.35, where
A =
σ(−1 ≤ cos θ < −0.1)− σ(−0.1 ≤ cos θ < 0.8)
σ(−1 ≤ cos θ < −0.1) + σ(−0.1 ≤ cos θ < 0.8) . (5.57)
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Figure 5.3: Angular orrelations in single-top proesses at the Tevatron: cos θ in
single-t/t¯ prodution (left pane), and cosχ in single-t prodution (right pane).
Histograms without symbols are the sums of s- and t-hannel ontributions.
As an be seen from g. 5.3, this result is due to the ontribution of the t-hannel,
the s-hannel having a very small asymmetry. We remark that the asymmetry is
also ompatible with zero if spin orrelations are swithed o. It is important to
notie that our results follow the same pattern (and are atually lose numerially)
of those of refs. [13, 14℄. Although we did not arry out a omprehensive study,
this fat implies that not only is the cos θ asymmetry fairly robust when inluding
higher order orretions, but it is also stable when passing from a parton-level
desription suh as that of refs. [13, 14℄ to a more realisti hadron-level desription
suh as that of MCNLO.
We onlude by presenting in the right pane of g. 5.3 the distribution in the
osine of the angle χ, whih is dened analogously to the angle θ, exept for the fat
that the referene diretion is hosen to be that of the antiproton beam (at variane
with the ase of cos θ, we have limited ourselves here to onsidering t prodution,
rather than t + t¯ prodution). As expeted [12℄, the dominant ontribution to
the asymmetry is due in this ase to the s-hannel. An extremely small non-zero
asymmetry may also be visible in the ase in whih angular orrelations are not
inluded; we have veried that this is an artifat of the uts adopted in the present
analysis.
5.4 Conlusions
We have presented a method for the eient inlusion of angular orrelations due
to prodution spin orrelations in Monte Carlo event generators. The method has
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been demonstrated in detail for vetor boson and top quark deays, but it is in
fat quite general, relying only on the fat that the matrix elements do not on-
tain sharp features that would lead to unaeptably low eieny. The method
is exat, and equivalent to what is urrently implemented in LO-aurate event
generators suh as HERWIG. When the event generator is mathed to NLO pre-
ditions, as is the ase for MCNLO and POWHEG, the resulting orrelations
are orret to LO in soft and ollinear regions and to NLO elsewhere. The method
has been implemented in MCNLO for WW , tt¯ and single-top hadroprodution
and leptoni deay, and we have presented illustrative results for the latter two
ases. These results show that signiant orrelations are present in suitably ho-
sen observables. Version 3.3 of MCNLO implements o-shell eets only in the
ase of WW prodution. Future versions will inlude o-shell eets in top deay;
also, vetor bosons and top quarks deaying hadronially an be simulated using
the formalism presented here, bearing in mind that NLO orretions to deays are
negleted.
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Chapter 6
Single-top prodution through the
Wt mode
The top quark, disovered in 1995 [1, 2℄, is a prime study objet at the Tevatron,
whih has produed a few thousand. The forthoming LHC will be a veritable
top quark fatory. The large mass of the top, lose to eletroweak sale, enables
diret srutiny of its behavior in ollisions, unshrouded by hadronization eets.
Being so heavy, the top quark should also be sensitive to eets of new physis,
the sale of whih is thought to be near the eletroweak sale. As reviewed in
earlier hapters, an interesting proess to study in this regard is the prodution
of single t's, via the weak interation. The Standard Model predits this ross
setion to be somewhat smaller than the already observed tt¯ pair prodution via
the strong interation. This, together with diult-to-remove bakgrounds, has so
far prevented this prodution proess from being denitively identied in Tevatron
experiments.
In a leading order desription, single top prodution an happen in 3 modes,
depited in g. 6.1. Eah of these allows a separate and omplementary exam-
Figure 6.1: Leading order diagrams for single-t prodution in the (1) s-hannel,
(2) t-hannel and (3) Wt-mode. The t-quark line is doubled.
ination of the Wtb vertex. Suh an examination an onsist of determining the
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vertex's avour struture (Vtb), its hiral struture, strength et [3℄. The s-hannel
mode involves a time-like, o-shellW and might reveal new resonanes (heavyW ′);
the t-hannel mode involves a spae-like W and is sensitive to Flavour Changing
Neutral Currents (FCNC's). The Wtb vertex in the Wt prodution mode has an
on-shell W with an o-shell fermion onneted to it, and is therefore omplemen-
tary. At the Tevatron the latter proess has far too small a ross setion to be
observed, but at the LHC its ross setion is signiant.
For aurate estimates of rates and some distributions, neessary for reliably
onfronting theoretial preditions with data, next-to-leading order (NLO) alu-
lations are required. Calulations of fully-dierential NLO single-t ross setions
for Wt prodution have been performed in refs. [4, 5℄. On the other hand, in order
to optimize aeptane uts in an experimental analysis or to perform full dete-
tor simulations, one needs realisti hadron-level events, whih are obtained with
Monte Carlo event generators that inorporate the simulation of parton showers
and hadronization models.
The omplementary benets of xed-order omputations and parton shower
simulations are by now well-known, as are the advantages of ombining them into
a framework whih would retain the strong points of eah of them. The MCNLO
approah [6, 7℄ provides a way of ahieving this, by allowing one to math ross
setions omputed at NLO in QCD with an event generator. No modiations to
the latter are neessary, and therefore existing parton shower Monte Carlos an be
used for this purpose.
In earlier hapters we inluded the s- and t-hannel modes into the MCNLO
framework, and extended the framework by inluding angular orrelations of lep-
tons and quarks arising from vetor boson and top quark deays. In this hapter
we inlude the Wt single top prodution mode into the MCNLO framework. We
thereby omplete the full MCNLO desription of the single-top prodution pro-
ess for both the Tevatron and the LHC, inluding spin-orrelations of its deay
produts.
As we will make lear below, the NLO alulation of the present proess has
hallenging peuliarities of its own, whih make the inlusion into MCNLO non-
trivial. Chief among these is the interferene with the tt¯ proess. A areful and
meaningful denition is then required to dene theWt proess, and we will onsider
and ompare various ones.
This hapter is organized as follows. In setion 6.1 we disuss the NLO om-
putation of Wt prodution. Setion 6.2 briey disusses the denition of the MC
subtration terms needed for the mathing with the NLO result in the MCNLO
inlusion. Some results are shown and disussed in setion 6.3. Conlusions in
setion 6.4 are followed by two appendies in whih some tehnial details are
olleted.
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6.1 W + t assoiated prodution
In this setion we disuss the alulations neessary to desribe Wt prodution
at NLO. Rather than go into great detail, we shall fous on those aspets of this
mode that dier from the s and t hannel mode, whih merit speial attention.
6.1.1 NLO omputation
In what follows we shall denote where no onfusion is possible the light quark at-
tahed to theWtb vertex as a b, whih thus impliitly represents any CKM-allowed
down type quark. The lowest order alulation of the Wt proess is based on the
Feynman diagrams in g. 6.1, involving a bg initial state. The NLO alulation
involves virtual orretions to these diagrams, some of whih are shown in g. 6.2,
as well as real emission diagrams. In order to implement a proess in MCNLO
its NLO ross setion must be omputed aording to the subtration formalism
presented in refs. [8, 9℄, denoted as FKS heneforth. Parts of the alulational
methods we use were already employed for the NLO alulation for the Wc pro-
ess in [10℄, for whih the diagrams are almost idential. However, beause in that
ase the phase spae sliing method [11, 12, 13℄ was used rather than the FKS
method, we realulated most of the diagrams using the latter method.
Our desription is onned to single top quark prodution. As explained in ap-
pendix F, for single anti-top quark prodution no new diagrams need be omputed,
so we do not disuss it further here.
6.1.2 Born
The lowest order parton level proess is
b(p1) + g(p2) −→ t(k1) +W−(k2) . (6.1)
We dene the invariants
s = (p1+p2)
2, t1 = t−m2 = (k1−p1)2−m2, u1 = u−m2 = (k2−p1)2−m2 (6.2)
for whih s+ t1+u1 = m
2
W −m2, with m denoting the top quark mass. The lowest












|A(0)|2 dPS(2) , (6.3)
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where g, gw are the QCD and EW ouplings, N is the number of olours, and
where the spin-summed lowest order matrix element squared is given by













































The one-loop diagrams that onstitute the virtual orretions are shown in g. 6.2.
Figure 6.2: One-loop diagrams for Wt.
We have alulated them using a standard proedure. Working in d = 4−2ǫ dimen-
sions we redued tensor, and vetor loop integrals to salar ones using Passarino-
Veltman redution. We used the omputer program FORM [14℄ for muh of the
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algebra, together with the pakages FeynArts [15℄ and FormCal [16℄. The re-
sults were heked against the virtual ontributions obtained for W + c assoiated
prodution in ref. [10℄ and were found to be in agreement.
The results are a Laurent series in the parameter ǫ, the double and single
poles representing infrared, initial-state ollinear and ultraviolet singularities. To
remove the ultraviolet ones we renormalize the top quark mass using an on-shell
ondition, and the QCD oupling in theMS sheme, modied so that the top quark
loop ontribution is also subtrated on-shell. This partiular sheme [17℄ ensures
that the top quark virtual ontributions deouple in the limit of small external


































where µ is the sale used in dimensional regularization to make all dimensionalities
expliit, and µR is the renormalization sale. Furthermore, β0 = (11N − 2nf)/3
with nf equal to the number of light avours (here 5) plus 1. From this ondition
















whih indeed removes the top quark loop from the β-funtion. The top quark mass
renormalization ondition reads



















In ontrast to the s and t hannel the top quark ours as an internal line in the
Born amplitude. Its mass renormalization therefore requires a derived quantity
in terms of the amplitude A′(0), whih is idential to A(0) exept that the top
propagator is squared beause of mass renormalization
i





















M′(0) dPS(2) , (6.9)
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where






4m6s+ 4m4s(m2W + t1)
)
+m2
(−8m4W s+ 2m2W st1 + t1(t1 + u1)(s+ 2u1))
+ t1
(
t1u1(t1 + u1) +m
2
W (−s(t1 − 2u1) + 4u1(t1 + u1))
)}
. (6.10)
After renormalization, soft and ollinear singularities, appearing as 1/ǫ2 and 1/ǫ







































These remaining poles are anelled by similar ontributions in the real ontribu-
tions and by the ollinear ounterterms that arise from the renormalization of the
parton densities, in a form presribed by the FKS formalism.
6.1.4 Real ontributions
The basi idea in the FKS method is that the phase spae of the real-emission
ontributions to the proess is partitioned suh that the parts do not overlap,
over the whole of phase spae, and eah ontain at most one ollinear and one
soft singularity. In eah suh region it is natural to selet that parton (dubbed the
FKS parton) with whih the singularities are assoiated. While this requires some
are in proesses with massless nal state partons, in the present ase ollinear
singularities are only assoiated with inoming partons, therefore requiring no
speial eort to separate regions.
The atual omputation of the real radiative graphs was done in a manner
similar to that of the Wc proess in [10℄. The amplitudes for the titious W -
deays
W (q) −→ t(p) + b3(q3) + g4(q4) + g5(q5) , (6.13)
and
W (q) −→ t(p) + b3(q3) + b4(q4) + b5(q5) . (6.14)
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were deomposed into olour-ordered amplitudes, and omputed. The radiative
graphs for Wt were then obtained by rossing and summing over olour orders,
saving somewhat on alulational eort
1
. These methods are quite standard and
were also employed for the alulational of the s and t hannel modes.
One aspet of the Wt single top prodution mode that is dierent from the s
and t hannel modes involves the initial state ollinear regions. While the stan-
dard FKS subtrations an be employed to remove atual initial state ollinear
divergenes, it is important for proper numerial sampling of the near-ollinear
regions to understand the nite parts of the ollinear limits of squared radiative






k · pi ∆ab(pi, k) +
4παSµ
2ǫ
k · pi P
<
ab(z, ǫ)M(0)(pi), (6.15)
where k is the 4-momentum of the FKS parton emitted from initial leg pi, P
<
ab is
an Altarelli-Parisi splitting funtion with momentum fration z < 1, andM(0) the
squared Born amplitude summed over heliities. Here {a, b} are partoni indies
for the emitted partile and the radiating initial leg, respetively. The funtion
∆ab(pi, k) depends on the azimuthal angle of the emitted parton, and vanishes
when averaged over the azimuthal angle of the ollinearly emitted parton. It is
nonzero when the partiular radiative proess involves an exhanged gluon, e.g.
(b, g; t,W, g). Suh radiative proesses do not our in the s and t hannel mode







with A± the Born amplitude for Wt prodution with a positive/negative heliity
initial gluon respetively. In appendix E we demonstrate how to alulate this
term expliitly.
Partoni proesses
Here we briey disuss the various radiative amplitudes that onstitute the real
ontributions. We reall that b symbolially denotes the down-type quark on-
neted to the top with a W vertex, and q is a light quark or antiquark. We shall
use the shorthand notation
(α, β; t,W, δ) (6.17)
for the momentum assignments
α(p1) + β(p2) −→ t(k1) +W (k2) + δ(k) , (6.18)
1
The olour-ordered amplitudes served a seond purpose, namely in the aounting of olour
onnetions in the parton shower stage of the MCNLO onstrution.
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where α and β are the inoming partons from the left (p31 > 0) and from the right
(p32 < 0) respetively; δ is the FKS parton for NLO tree-level proesses; it is absent
in the ase of 2→ 2 proesses.
The singularity struture of some of the radiative amplitudes depends on the
partiular avours α, β, δ. Thus, for αβ = gg we have δ = b¯, the latter impli-
itly representing any CKM-allowed down type anti-quark, and only initial-state
ollinear singularities involving gluon to bb¯ splitting are present. For α, β = bg we
have δ = g and we have both soft and ollinear (involving gluon-to-gluon split-
ting) singularities. Finally, we disuss the ase where both α and β are quarks.
For αβ = qq¯ the singularity struture depends on the avour of q. If q = u, c or a
downtype quark not equal to δ then there are no singularities. If either α or β is
equal to δ (e.g a b¯) then a ollinear singularity is present. Similarly, if αβ = bq for
any q then again a ollinear singularity is present.
In our method we have arefully distinguished and treated all these ases sep-
arately.
Interferene with tt¯ prodution
The theoretial (and experimental) denition of theWt mode is not as straightfor-
ward as a LO alulation would suggest. At NLO, there are nal states involving
a t, a W− and a b¯. These an also arise from a LO tt¯ prodution proess, with
subsequent deay of the t¯, see g. 6.3. These two prodution proesses will there-
Figure 6.3: Diagrams that are doubly-resonant, in the sense that the intermediate
t¯ an be on-shell.
fore interfere, and their separation beomes a matter of areful denition. This tt¯
proess is in fat inluded in the qq¯ and gg hannel where some of the diagrams
in the amplitude an beome resonant when the W−b pair approahes the top
quark mass. The Wt single top prodution mode must be separated from the tt¯
prodution proess by a meaningful denition.
Although this subjet has been addressed earlier [3, 4℄, we address it here for
our spei ontext. We dene three methods to eet this separation. Eah has
its advantages and drawbaks, whih we will mention.
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Figure 6.4: Subtration term vs. o-shellness q2t .
Diagram removal
One simply removes the diagrams that are doubly-resonant. This works well nu-
merially, but has obvious theoretial drawbaks.
Subtration
This amounts to removal of doubly-resonant diagrams by subtration in the narrow-
width approximation (NWA). The subtration term has the shemati form





where ab = gg or qq¯, and BW(q2t )/BW(m
2) represents a ratio of the Breit-Wigner
for an o-shell t¯ with o-shellness q2t to a Breit-Wigner with an on-shell top. The
subtration term, plotted by itself, is shown in g. 6.4. It is learly peaked around
the top quark mass, but is non-zero for other values of q2t . This is beause a
momentum reshuing is implemented in the ode that put the t¯ on-shell. This is
later ompensated to some extent in the MCNLO ode.
A drawbak of this method is that a fully onsistent implementation would re-
quire inluding a width all real ontributions and their subtrations as well. This
is at present not yet done.
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Proess removal
A more drasti solution than diagram removal simply removes the omplete gg
and qq¯ hannels from Wt prodution. In this way one removes a omplete gauge-
invariant set. The drawbak of this method is that the absene of these hannels
upsets the renormalization group invariane of the omplete proess. However,
beause the numerial ontribution of the gg and qq¯ hannels is quite small, the
overall result is not muh aeted.
Having identied three methods to remove the doubly-resonant (i.e. with both
on-shell top and anti-top) ontributions, a further, experimentally implementable
riterion is neessary that removes most of the tt¯ bakground, while not removing
too muh of the Wt signal. An interesting suggestion to separate singly and
doubly-resonant physis was made in ref. [4℄. It involved using as a disriminant
the transverse momentum of the seond-hardest (in pT ) b-quark or b-hadron in
an event, being most likely not from top quark deay. I.e. events in whih the
seond-hardest b-quark is quite large are more likely to ome from the deay of a
resonant anti-top quark, whereas events in whih the seond-hardest b-quark has
small pT are more likely Wt events. Therefore, the pT of seond-hardest b-quark
(or b-hadron) an be used as a veto in the denition of Wt events. In the results
setion we will be able to see the impat of the various removal denitions and the
veto ondition on the NLO alulation.
6.2 MCNLO
The implementation of the Wt mode into the MCNLO framework is fairly
straightforward. The inlusion of this proess however brings in a number of
features whih are dierent from previously inluded proesses. We mention rst
the presene of two massive partiles (W and t) with dierent masses. Also, in
regard to spin orrelations, they have dierent deays. Finally, there is the inter-
ferene with tt¯, whih we have previously disussed. Below we disuss only the
MC subtration terms. Further details will be given in ref. [18℄.
6.2.1 MC subtration terms
The MC subtration terms onstitute the rst order expansion of the parton shower
algorithm [19℄ in the HERWIG [20℄ Monte Carlo. These algorithms depend on suh
quantities as the starting sale, and the olour state of the emitters. We write these



















The index L assumes the values +, −, and f1 (for emissions from partons with
momenta p1, p2, and from the top quark respetively). The index l, whih runs
over olour strutures, assumes the values qi · qj, where qi and qj are the four-
momenta of the olour partners relevant to the emission onsidered; in this way,
the shower sale is















































= f (H1)a (x¯1f )f
(H2)





dx¯1f dx¯2f , (6.24)




































































where the avours a′, b′, and the value of i′ are determined by the singularity
strutures of the real emission ontributions. The fator N inserted in eqn. (6.25)
is equal to 2 when the orresponding emission is due to the branhing of a gluon
(thus taking into aount the fat that the gluon has two olour partners). In
the ase of quark branhings, N = 1. In table 6.1 we list expliitly all the terms
whih give non-trivial ontributions to eqn. (6.20). The shower sales to be used
in eqs. (6.25) and (6.26) are equal to the absolute values of the dot produts listed
in the tables above.
6.3 Results
In this setion we show results of phenomenologial studies at the NLO and
MCNLO level. The studies will mostly address the sensitivity of the predi-
tions to hoie of sale, pT veto and of the method to separate the hannel from
tt¯. At the LO level we have heked that we have agreement with the preditions
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NLO (b, g; t,W ) (g, b; t,W )
(g, g; t,W,b) +(p1 ·p2) −(p1 ·p2)
(b, q; t,W, q) −(p1 ·p2,p2 ·k1)
(q, b; t,W, q) +(p1 ·p2,p1 ·k1)
(b,b; t,W,b) −(p1 ·p2,p2 ·k1)
(b, b; t,W,b) +(p1 ·p2,p1 ·k1)
(b, b; t,W, b) −(p1 ·p2,p2 ·k1) +(p1 ·p2,p1 ·k1)
(b, g; t,W, g) +, f1(p1 ·k1); −(p1 ·p2,p2 ·k1)
(g, b; t,W, g) −, f1(p2 ·k1); +(p1 ·p2,p1 ·k1)
Table 6.1: Short-distane ontributions to MC subtration terms. The two
olumns orrespond to the two possible Born ross setions. For a given pro-
ess, the entries show the emitting legs, and in round brakets the value(s) of the
shower sale(s) E0 (up to a sign).
from MCFM [4℄. Suh a omparison at NLO was not possible due to dierent
hoie of subtration formalism and method to separate the tt¯ omponent. Re-
sults in this setion have been obtained for the LHC by using the MRST2002
default PDF set [21℄, and by setting the top mass and width to m = 170.9 GeV
and Γt = 1.41 GeV, respetively as well as the W mass and width to mW = 80.4
GeV and ΓW = 2.141 GeV. Our default hoie for p
veto
T is 50 GeV, and for the
renormalization and fatorization sale it is the top quark mass.
With these hoies and no further uts the total rates for the Wt modes were
found to be 47.8, 45.6 and 50.1 pb for diagram removal, subtration, and pro-
ess removal respetively. The fat that the rate for proess removal is larger
than diagram removal is beause in proess removal the (negative) FKS formalism
ounterevents for the gg hannel are also removed.
We begin showing results for the NLO alulation. For more realisti nal
states, and for better omparison with MCNLO results, we have inluded the
(leading order) deay of the top quark to an anti-lepton, neutrino and b quark. In
g. 6.5 we show the eet of the NLO orretions for two dierent pT distributions,
and in g. 6.6 for a rapidity and an azimuthal distibution. We see that for the
distributions shown, the eets of inluding the QCD orretions is most notieable
in their overall size, whereas their shapes are less aeted. In g. 6.7 we show the
eet of hoosing dierent methods to remove tt¯ ontributions from the Wt mode,
as disussed in setion 6.1.4. We see that the diagram removal and subtration are
remarkably lose, while the distributions for proess removal are similar in shape
but larger, as remarked upon above. The eet of an additional veto ondition of
the seond-hardest b quark in the event is shown in g. 6.8. Clearly, the tightest
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Figure 6.5: NLO vs. Born: transverse momentum of top quark, and its deay
lepton.
y






































Figure 6.6: Born vs. NLO: the rapidity of the lepton from the W deay, together
with the azimuthal distribution of the deay leptons.
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Figure 6.7: Comparison of diagram removal, diagram subtration and proess
removal for the transverse momenta of the leptons from the top and W deays,
respetively.
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Figure 6.8: Dependene of the transverse momentum of theW upon the transverse
momentum of the seond-hardest b-quark, on whih the veto-ondition is imposed
upon.
126 Chapter 6. Single-top prodution through the Wt mode
6.4. Conlusions
veto ondition leads to the smallest ross setion. Note that the results were
omputed using the diagram removal method. Finally, some results after varying
t





















Figure 6.9: Sale dependene of the top quark transverse momentum distribution.
The sale hoies for the renormalization and fatorization sale are, resp: (a)
both equal to default; (b) twie and half the default resp.; () both equal to the
transverse mass mT =
√
m2 + p2T,top.
the renormalization and fatorization sales are shown in g. 6.9. The dierenes
are very small.
At the end of this setion we also briey show some MCNLO results for this
single-top prodution mode. We ontrast in g. 6.10 the top quark pT distribution
from the NLO and the MCNLO alulations. As in the s and t hannel ase,
the two desriptions for this very inlusive variable are very lose. We also show
the azimuthal angle dierene between the top quark and the W boson. We see
that the multiple emissions in MCNLO allow for more deorrelation between the
t and W diretions.
6.4 Conlusions
In this hapter we have desribed the alulation of the QCD orretions for single-
top prodution at the LHC via theWt prodution mode in the FKS formalism. We
have foussed on those aspets whih distinguish this mode from the s and t hannel
ones, desribed in earlier hapters. We have also performed the inlusion of this
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Figure 6.10: Upper gure: Top quark pT distribution from the NLO and MCNLO
alulations. Lower gure: Azimuthal angle dierene between the top quark and
the W boson.
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proess into the MCNLO framework. Thus, all major single top quark prodution
modes have now been inluded in this framework, inluding spin orrelations.
Hene, the Standard Model desription of single-top prodution at the LHC, a
very important study objetive of bothy the ATLAS and CMS experiments, is
now in exellent shape.
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In the rst part of this dissertation we have been foussing on perturbation theory
and the preditive power of QCD. In partiular Chapter 2 foussed on the issue of
soft and ollinear eets in joint- and threshold resummation for prompt photon









were implemented using the methods desribed in refs. [1, 2℄ this time, however,
for a single-partile inlusive ross setion. In the ases studied we found that the
lnN/N-eets were very small for the nal state while for the initial state were, in
general, appreiable. The ombined lnN/N-eet for both initial- and nal state
showed to be omparable with the NLL orretions. This leads us to onlude
that further investigation of the the lnN/N is worth the eort.
Chapter 4 foussed on single-top prodution within the MCNLO framework.
First, general Monte Carlo methods were introdued and desribed followed by
an example that illustrates what the hallenges are when merging a higher order
ross setion with a Monte Carlo Shower.
Chapter 5 desribed the inlusion of angular orrelations, whih have their ori-
gin from prodution spin orrelations in Monte Carlo event generators. These
orrelations have been implemented in MCNLO for WW , tt¯ and single-top
hadroprodution and leptoni deay, and are very important for experimental anal-
ysis.
In hapter 6 we disussed the alulation of QCD orretions to theWt produ-
tion mode. We onentrated on the aspets that distinguish this prodution mode
from the s and t hannel modes, whih were desribed in hapters 4 and 5. In par-
tiular, the inlusion of the Wt prodution in the MCNLO framework nalizes
the inlusion of the major single top quark prodution modes in this framework.
The work desribed in the last three hapters ompletes what is a very aurate
desription of single-top prodution, whih, I believe, will be of great value to both














[2β + ln(1− 2β)] , (A.1)






























































g = −πb0 . (A.4)
The nal state exponents (2.6) involve the funtions





[(1− 2λ) ln(1− 2λ)− 2(1− λ) ln(1− λ)] (A.5)





[ln(1− 2λ)− 2 ln(1− λ) + 1
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ln(1− 2λ) ln 2, g(1)qgq(λ) = −
CF
πb0






17C2A − 10CATRNF − 6CFTRNF
24π2
. (A.8)
where TR = 1/2. These expressions are obtained by expanding the perturbative












Finally, the expliit forms of C(ij→γk) [3, 4℄ are






(2CF − CA) ln 2 + 1
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We note that there is no fatorization sale dependene in h
(1)
a and the oeient
funtions in Eq. (A.10) beause of omplete evolution from sale µF to Q/χ in





In this setion, we generalize the results of set. 4 of II by onsidering the ase of
two nal-state partons with unequal masses. Consistently with II, we use unbarred
and barred symbols to denote quantities relevant to 2 → 3 and 2 → 2 proesses
respetively (see e.g. eqs. (6.18) and (4.41) for four-momentum assignments).
Although in single-t prodution one of the nal-state partons in 2 → 2 proesses








We start by dening the 2→ 2 redued invariants as follows
s¯L = 2p1 · p2 , t¯L = −2p1 · k1 , u¯L = −2p1 · k2 , (B.2)
with L = +,−, f1, f2. These invariants are used in the omputations of the Born
ross setions whih appear in the MC ross setions expanded to NLO, hene the
dependene on the branhing leg L in eq. (B.2). We also get
−2p2 · k2 = t¯L +∆m212 , −2p2 · k1 = u¯L −∆m212 , (B.3)
where ∆m212 = m
2
1 − m22. As disussed in II, the 2 → 2 redued invariants are
funtions of the invariants relevant to the 2 → 3 kinematis. The omputations




s¯± = s+ v1 + v2 , (B.4)
s¯f1,2 = s , (B.5)
t¯± = − s¯±
2
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(s− w1)2 , (B.12)




2. The 2→ 3 invariants that appear on the r.h.s. of eqs. (B.4)
(B.9) are labelled as in II; their denitions are also reported here in table B.1.
Equations (B.2)(B.12) give suient information, with tables 4.14.3, to ompute
the shower sales to be used in eqs. (4.39) and (4.40).
We nally summarize the formulae for HERWIG showering variables. The ase
of initial-state emissions is idential to that studied in II, the ondition m1 6= m2
being irrelevant here. When parton 1 branhes, the showering variables z+ and ξ+
are related to the invariants as in eqn. (II.4.31) and eqn. (II.4.32):














s 2p1 · p2
t1 −2p1 · k1
t2 −2p2 · k2
u1 −2p1 · k2
u2 −2p2 · k1
v1 −2p1 · k3 −s− t1 − u1
v2 −2p2 · k3 −s− t2 − u2
w1 2k1 · k3 s+ t2 + u1 −m21 +m22
w2 2k2 · k3 s+ t1 + u2 +m21 −m22
M212 (k1 + k2)
2 s+ v1 + v2
Table B.1: Notation for 2→ 3 kinematis.

























whih are idential to eqn. (II.4.33) and eqn. (II.4.34) exept for the dierent
denition of the sale l¯.
The branhing of parton 2 will be desribed in terms of the variables z− and
ξ−; these an be obtained from eqs. (B.13)(B.16) by interhanging variables v1
and v2.
The formulae for nal-state emissions are aeted by the ondition m1 6= m2.
When the parton with momentum k1 branhes, eqn. (II.4.23) and eqn. (II.4.24)
still formally hold
w1 = 2zf1(1− zf1)ξf1E20 , (B.17)
ζf1 = (1− zf1)






1− (w1 +m21)/E20 , (B.19)
ζf1 =
(2s− (s− w1)ε2)w2 + (s− w1) [(w1 + w2)β2 − ε2w1]
(s− w1)β2 [2s− (s− w1)ε2 + (s− w1)β2] , (B.20)
ε2 = 1− ∆m
2
12
s− w1 . (B.21)
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It is apparent that eq. (B.20) oinides with eqn. (II.4.27) when m1 = m2 (i.e.


















whih are idential to eqn. (II.4.28) and eqn. (II.4.29) exept for the dierent
denition of the sale l¯.
The branhing of the parton with momentum k2 an be treated along the






will be obtained from eqs. (B.22)
and (B.23) by formally interhanging labels 1 and 2. Note that in this way the
quantity ε1 appears in the expression for ζf2, and
ε1 = 1 +
∆m212





In this setion, we onstrut expliitly the MC subtration terms for single-t pro-
dution, expressing them in terms of the variables used in the NLO omputation.
In order to do this, we start by introduing the phase-spae parametrizations used
in ref. [5℄ to deal with initial- and nal-state emissions; in both ases, we integrate













2− ξi(1− yj) ξi dξidyidyjdϕj , (C.2)
where β¯(s) is given in eq. (B.10), and1
ξj =
2(1−m21/s− ξi)
2− ξi(1− yj) . (C.3)
The variables labelled with index i refer to the FKS parton (see eqn. (FKS.4.3)),
and those labelled with index j refer to the massless nal-state parton that an
beome ollinear to the FKS parton (see eqn. (FKS.4.57)). Note that ξi is related
to the variable x used in I and II by the following equation
x ≡ 1− ξi . (C.4)
This implies that eq. (C.1) oinides with eqn. (II.B.22). We rewrite the real-
emission nite ontributions to the single-t ross setion (eqn. (FKS.4.37) and








































)S(1)ij dφ˜(OUT)3 , (C.6)
1










3 = ξi dφ˜
(OUT)
3 . (C.7)
As disussed in I and II, MC subtration terms an be obtained from the MC ross
setions expanded to NLO. Thus, following eqn. (II.B.21), in order to onstrut
them we must write eq. (4.39) in the same form as eq. (C.5) (after relabeling), and
eq. (4.40) in the same form as eq. (C.6) (after relabeling). In order to do this, we
note that the Born ross setions that appear in the MC subtration terms have
the following forms (in order to simplify the notation, we neglet here most of the
indies)
dσ¯ = M(b)(s¯±, t¯±) β¯(s¯±)
16π
d cos θin , (C.8)
dσ¯ = M(b)(s¯fα, t¯fα)
β¯(s¯fα)
16π
d cos θout , (C.9)
for initial- and nal-state branhings respetively. Here M(b) is the Born matrix
element, and the angles θin and θout have been introdued in eqn. (II.B.32) and
eqn. (II.B.33) respetively. As disussed in II, it is not restritive to obtain these
sattering angles in the zero-angle-emission limits, whih leads to
θin = θ , θout = yj , (C.10)
where θ and yj are integration variables in eqs. (C.1) and (C.2) respetively. The
rst relation in eq. (C.10) oinides with eqn. (II.B.35). We also note that, in the
zero-angle-emission limits, the (trivial) azimuthal angles generated by the showers
an be hosen to oinide with the angles ϕ and ϕj of eqs. (C.1) and (C.2) for
initial- and nal-state branhings respetively. We shall therefore insert the fators






















β¯(s¯±) dξidyid cos θdϕ , (C.11)
where the rst fator on the r.h.s. mathes the event part of eq. (C.5), i.e. that
obtained by replaing the distributions with ordinary funtions. Using eqs. (C.1)
and (B.4), we get




















































whih is idential (up to notational dierenes) to eqn. (I.A.72) and eqn. (I.A.73).



















The redued Bjorken x's x¯1i and x¯2i are given in eqn. (II.4.20) or eqn. (II.4.22).





























 β¯(s¯fα) dξidyidyjdϕj . (C.16)




























































Note that we diretly dened Σ (rather than Σ as in eq. (C.13)) thanks to eqn. (II.4.7).
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We have heked analytially that the MC ounterterms introdued above lo-
ally anel the ollinear divergenes of the real matrix elements. As already
disussed in I and II, this happens in the soft limit only after angular integration.
We therefore adopt here the same solutions as in eqn. (II.B.43). As in the previous
ases, we heked that the parametri dependene introdued in this way is totally




Upper bounds in vetor boson
prodution
In this appendix, we present an alternative derivation of eq. (5.31). One introdues
the quantity
Nν ≡ Mµ i








with whih eq. (5.18) beomes∑
spins
|A|2 = F 2V Tr
[(
V 2V l + A
2
V l − 2VV lAV lγ5
)




Evaluating this in the rest-frame of the (virtual) vetor boson, with the z-axis
along the diretion of the lepton 3-momentum, we nd∑
spins
|A|2 = 2q2F 2V
[(












To establish an upper bound on this quantity, we note that
2
∣∣Im (N1N2∗)∣∣ ≤ 2 ∣∣N1∣∣ ∣∣N2∣∣ ≤ N1N1∗ +N2N2∗ (D.4)
and so ∑
spins





2q2F 2V (|VV l|+ |AV l|)2





Note that M1,2 in this expression are stritly o-mass-shell quantities: no on-shell
approximations have been made at this stage.
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Now onsider the prodution of a stable vetor boson of mass mV . Denoting
the amplitude for this by A¯, we have (again in the vetor boson rest frame)
∑
spins





= M¯1M¯1∗ + M¯2M¯2∗ + M¯3M¯3∗ (D.6)
where M¯µ denotes the on-mass-shell value of Mµ. Therefore, as long as




2F 2V (|VV l|+ |AV l|)2








2F 2V (|VV l|+ |AV l|)2




whih is idential to eq. (5.31), given the fat that VV lAV l > 0, and that both
equations are valid on-shell.
Clearly, one may hek whether the bounds given in eqs. (5.31) and (D.9) are
not violated in the ase of o-shell vetor bosons. This is indeed the ase, provided
that the o-shellness is not too large or too small (typially, this happens within
±30ΓV of the pole mass). A good strategy is that of using eq. (5.31) for q2 < m2V ,
and eq. (D.9) for q2 > m2V . However, one should bear in mind that in the ase of
o-shell partiles the values of Bjorken x's, and hene of the PDFs, may hange,




Calulation of M˜ in the Heliity
Formalism






that is neessary for proper numerial sampling of the initial state ollinear regions.
We have dropped the supersript (0) ompared to eqn. (6.16) for brevity.
We shall use heliity methods [ite℄. The relevant diagrams are illustrated in
gure E.1. As well as the null momenta p1 and p2, we dene the further null vetor:




where t1 = t−m2 = (p2 + p4)2 −m2. We also adopt the ommon notation:
|k±〉 ≡ u±(k), 〈k±| ≡ u¯±(k) (E.3)
for massless quark spinors. Then the propagator for t-hannel graphs is:
i
t1














(|2+〉〈2−|+ |2−〉〈2−|) + |5+〉〈5+|+ |5−〉〈5−|
]
, (E.5)
using ompleteness relations for the slashed momenta. We also dene the Man-
delstam invariants:
s = (p1 + p2)








for b(p1) + g(p2)→
W−(p3) + t(p4), where all momenta are dened to be outgoing.
The positive heliity diagrams (denoted (a) and (b) respetively in gure E.1) are













where ǫµ(p3) is the polarisation vetor of the W boson, and we have used the
standard notation:
[ij] = 〈i+ |j−〉, 〈ij〉 = 〈i− |j+〉. (E.9)




2〈q2〉 , ǫ−,µ(p2, q) =
〈q + |γµ|2+〉√
2〈[2q]〉 . (E.10)
Here q is an arbitrary null referene momentum, whih has been set to p1. One is
in priniple able to hoose a dierent referene momentum for the negative heliity
diagrams, owing to the fat that heliity amplitudes are separately gauge invariant.
However, if one also hooses q2 = p1 in the negative heliity ase then diagram ()
in gure E.1 vanishes. This relies on the heliity of the light quark line being xed
















To evaluate squared amplitudes one needs the following dot produts (where (ij) =
2pi · pj):
(13) = t−M2W ; (E.12)
(24) = t1; (E.13)
(34) = s−m2 −M2W ; (E.14)
(23) = −s− t1; (E.15)
(14) = −s− t+M2W ; (E.16)
(15) = −ts
t1
− t+M2W ; (E.17)





It an be heked that |A+|2+ |A−|2, after summing over the W boson and quark








A(s)†+ A− +A(t)†+ A−
]
. (E.20)




































(M2W −m2)(2M2W +m2). (E.23)
Note the presene of squared spinor produts, whih an not immediately be eval-
uated to form dot produts. This is to be expeted, given that M˜ is not a Lorentz
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invariant quantity. To evaluate the quantities in equation (E.23) one an parame-





















p5 = (E,E sin θ cosφ,E sin θ sin φ,E cos θ) . (E.26)
Given equation (E.2) and the fat that p1 and p2 have no transverse omponents,
we may interpret φ as the azimuthal sattering angle of the top quark (relative
to the inoming partile axis) in this frame. Basis spinors satisfying the massless










E(1 + cos θ)




























from whih one nds:
2Re
{
[15]2〈25〉2} = 2(15)(25)[2 cos2 φ− 1]. (E.28)










In this appendix we demonstrate that the squared amplitudes for single top pro-
dution with an assoiated W boson are independent of whether the nal state
top is a quark or antiquark.
Considering the squared amplitudes forWt prodution, only interferene terms an
give rise to a dierene between quark and antiquark amplitudes, as any amplitude
squared with itself must give the same result if the harge onjugation operation
is applied. Eah interferene diagram for Wt prodution has an open or losed
fermion loop assoiated with the top quark (and the b quark from top deay). The
replaement t→ t¯ an aet the amplitude in two ways:
1. It hanges the sign of all momenta whih our in unut propagators along
the top quark line
1
. If pi are the propagating momenta, the fermion trae in
eah diagram will ontain the following terms:
(p1 −m)(p2 −m) . . . (pN −m), (F.1)
where N is the number of unut fermion momenta, and there may be ad-
ditional Dira matries between the propagator fators. Interhanging top
and antitop quarks results gives instead the terms:
(−p1 −m)(−p2 −m) . . . (−pN −m) = (−1)N (p1 +m)(p2 +m) . . . (pN +m).
(F.2)
Given that the number of Dira matries in eah interferene graph is even,
only terms involving an even number of masses survive. Then the amplitude




Cut propagators orrespond to terms in the fermion trae of form 6 p ± m depending on
whether quark or antiquark spinors are involved i.e. the sign of the momentum is not hanged.
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where At, t¯ is the amplitude assoiated with a given interferene diagram.
Here Cdiag is the parity under t→ t¯ of the diagram i.e. Cdiag = ±1.
2. The olour fator may be aeted. In eah of the diagrams for Wt produ-
tion, one always has:
Ct¯ = CcolCt, (F.4)
where Ct, t¯ are the olour fators for the amplitude with a top and antitop
quark respetively, and Ccol = ±1.
The total parity under t→ t¯ is then given by:
C = CdiagCcol = ±1. (F.5)
There are, in total, 48 interferene diagrams forWt prodution at NLO. These an
be subdivided into gg, bb, bg and bb¯ initial states. Diagrams with other down-type
quarks in the initial state form a subset of those already speied. The gg and bb¯
diagrams are always assoiated with real emissions, and the relevant interferene
terms are depited in gures F.1 and F.2. For the bb (and, hene, qq) initial state,
there is only one Feynman amplitude and hene no interferene term is possible.
The qg initial states an be assoiated with real (gure F.3) or virtual (gure
F.4) emissions. By evaluating the number of unut fermion propagators and the
olour fator for eah graph, one an nd its parity under t→ t¯ using equation F.5.
Looking at the diagrams in gures F.1-F.4 one sees that they fall into two types:
1. Diagrams no triple gluon oupling. These all have symmetri olour fators
under t → t¯, and an even number of unut fermion propagators. Hene
C = 1 for suh graphs.
2. Diagrams with a triple gluon oupling. These all have antisymmetri olour
fators, and an odd number of unut fermion propagators (this latter fat an
be easily appreiated by onsidering removing a gluon line from a fermion in
graphs of type 1 and reattahing it to a gluon line). Hene C = (−1)2 = +1
for these graphs.
As an example, onsider the upper graph in gure F.4. This has 4 unut fermion
propagators and a olour fator Tr [tbtatbta], where a and b are the olours of the
initial state and virtual gluons respetively. The orresponding antiquark diagram
has the same olour fator, and thus one has Cdiag = Ccol = C = 1.
The diagram beneath this, however, has 3 unut fermion propagators and hene
Cdiag = −1. The olour fator is fabcTr [tctbta], where a denotes the initial state
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Figure F.1: Cut interferene diagrams at NLO in Wt prodution, for gg initial
states. Dashed lines represent the top quark, and the uts are shown as short
dashed lines.
Figure F.2: Cut interferene diagrams at NLO in Wt prodution, for bb¯ initial
states. Note that this inludes qq¯ initial states as a speial ase, where diagram
() is the only one present. Dashed lines represent the top quark, and the uts are
shown as short dashed lines.
gluon and b and c the two virtual gluons. The antitop diagram has instead a olour
fator fabcTr [tatbtc] = −fabcTr [tctbta], thus Ccol = −1. Finally, one has C = 1 for
the omplete diagram inluding the olour fator.
In a similar fashion one nds that every graph is even upon replaing top quarks
by antitop quarks, and so the total squared amplitude for Wt prodution is the
same for both t and t¯.
Figure F.3: Cut interferene diagrams at NLO in Wt prodution, for qg initial




Figure F.4: Cut interferene diagrams for virtual orretions to Wt prodution.
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Aspeten van Perturbatieve QCD
Een prompt foton is een foton dat direkt gereëerd wordt in botsingen tussen
partonen. Partonen is de verzamelnaam voor de bestanddelen (quarks) van een
proton of neutron, en de lijmdeeltjes (gluonen) die ze bij elkaar houden. Prompte
fotonen zijn dus boodshappers van de quark-gluon dynamia, zoals beshreven
door de Quantum Chromodynamia (QCD) theorie, die plaatsvindt wanneer twee
nuleonen op elkaar botsen. Dat betekent o.a. dat wij door het bestuderen van
zulke prompte fotonen informatie kunnen verkrijgen over de parton verdeling bin-
nen een proton. In zulke studies is het van belang om eekten van van lage-energie
(zahte) gluonen mee te nemen.
Prompt photon produktie kan ook beshouwd worden als een relatief een-
voudige, theoretishe proeftuin voor het beshrijven van de QCD dynamia van
2→ 2 proessen. Een prompt photon moet namelijk geprodueerd worden tegelijk
met een parton, vanwegen impulsbehoud. Een belangrijke reden dat prompte foto-
nen zo geshikt zijn als boodshappers van QCD dynamia, is dat ze na produktie
geen verandering meer ondergaan, in tegenstelling tot partonen, die veranderen in
een stroom (jet) van deeltjes.
In de meest direte benadering worden prompte fotonen geprodueerd in een
zgn. quark-gluon Compton proes (met een inkomend quark en een inkomend
gluon, en een uitgaand foton plus quark), in een quark anti-quark annihilatie
proess, waarbij een foton en gluon gemaakt worden. Tenslotte is er ook het
fragmentatie proes, waarbij een photon door een quark wordt afgestraald. Dit
proes is minder belangrijk, en wordt niet verder besproken.
Het blijkt dat de beste theoretishe voorspellingen voor het prompt foton pro-
es, waarin de eerste orde orreties zijn meegenomen (next-to-leading order), de
data van experimenten bij xed target en ollider versnellers niet goed kunnen
verklaren. Het lijkt erop dat bij die data waarbij het prompte foton een lage
transversale impuls heeft, een grote rol door de zahte gluonen gespeeld wordt. In
de twee eerste hoofdstukken van dit proefshrift wordt het kader van hersommatie
van zahte gluon eeten opgesteld en uitgebreid het meenemen met soft-ollineaire
eekten, en vervolgens toegepast op prompt foton produktie. Een denitieve on-
lusie over overeenstemming van theorie en data kan ehter nog niet getrokken
worden.
Single Top Produtie
Het hoofdbestanddeel van dit proefshrift bestaat uit de fysia van enkelvoudige
geprodueerde (single) top quarks en de geavaneerde simulatie tehnieken die ge-
bruikt worden om meer preieze voorspellingen van observabelen in dit verband te
kunnen doen. De produktie van losse top quarks (in tegenstelling tot top anti-top
paarproduktie) is nog niet met zekerheid geobserveerd in versnellerexperimenten.
Dit proes is heel belangrijk in de verdere studie van het Standaard Model, omdat
het beshouwd kan worden als een mogelijke poort naar nieuwe ontdekkingen.
In hoofdstuk 4 worden next-to-leading order QCD resultaten voor de single-
top produktie in proton botsingen geombineerd met zgn. parton shower Monte
Carlo simulaties. Dit wordt gedaan in het MCNLO kader, waarin next-to-leading
order en parton shower beshrijvingen zo geombineerd worden dat er geen bij-
drage dubbelgeteld wordt, en de beste aspeten van beide beshrijvingen overeind
blijven. Dit kader wordt in dit hoofstuk verder uitgebreid met proessen met
ollineaire divergenties in de eindtoestand, denk aan eerdergenoemde jets. Er
wordt aangetoond, dat het MCNLO kader ook na uitbreiding goed funtioneert.
Correlaties in de hoekverdelingen van deeltjes in de eindtoestand bij het ver-
vallen van vetor bosonen en top quarks zijn van groot belang in het begrijpen van
de single top quark produktie dynamia. In hoofdstuk 5 wordt via het beshouwen
van lepton-paren die onstaan uit zulke vervallen, uitgewerkt hoe hoekorrelaties in
een Monte Carlo parton shower programma, eventueel geombineerd met next-to-
leading order QCD berekeningen, eient ingebouwd kunnen worden. In het geval
van top quark verval wordt ook de informatie van de resulterende bottom quarks
behouden. Resultaten van de implementatie in MCNLO worden getoond.
In hoofdstuk 6 wordt de berekening van een belangrijk single-top proes, de
produktie van een W boson samen met een top quark, tot op next-to-leading orde
beshreven. Daarnaast wordt de interfae met de parton shower beshrijving en
implementatie in MCNLO afgeleid. Dit Wt-proess geeft een unieke blik op de
interatie van een top quark, bottom quark en eenW -boson. Met de LHC, die naar
verwahting in 2008 zal opstarten, zal dit proess ook experimenteel bestudeert
kunnen worden.
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